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Abstract
In [2] it is shown that up to certain set of local moves, connected simple cov-
erings of B 4 branched over ribbon surfaces, bijectively represent connected ori-
entable 4-dimensional 2-handlebodies up to 2-deformations (handle slides and
creations/cancellations of handles of index ! 2). We factor this bijective cor-
respondence through a map onto the closed morphisms in a universal braided
category H r freely generated by a Hopf algebra object H . In this way we obtain
a complete algebraic description of 4-dimensional 2-handlebodies. This result is
then used to obtain an analogous description of the boundaries of such handlebod-
ies, i.e. 3-dimensional manifolds, which resolves for closed manifolds the problem
posed by Kerler in [13] (cf. [21, Problem 8-16 (1)]).
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1. In t ro duct ion

During the last twenty yearsthe developments in the quantum theory havebuild
a bridge betweentwo distinct areasof mathematics:the topology of low dimensions
(2, 3 and 4) and the theory of Hopf algebras.An important result in this direc-
tion is the one of Shum [27], which states that the category of framed tangles is
equivalent to the universal monoidal tortile categorygeneratedby a single object.
Sincethe categoryof representations of a wide classof Hopf algebras,the so called
ribbon Hopf algebras,is a tortile monoidal category(cf. [25, 16] etc.), the result of
Shum implies that the subcategorygeneratedby any representation of such a Hopf
algebraproducesan invariant of framedtangles.Framedtanglesand links are inter-
estingand rich object of study by themselves,but through surgerythey are alsothe



main tool of describing3- and 4-dimensionalmanifolds. Actually, 4-dimensional2-
handlebodiesmodulo 2-deformations(handle slidingsand addition/deletion of can-
celing handlesof indices ! 2), bijectively correspond to the equivalenceclassesof
Kirb y link diagramsmodulo Kirb y calculusmoves(cf. [6] and Section2 below), while
3-dimensionalmanifolds bijectively correspond to the equivalenceclassesof framed
links modulo the Fenn-Rourke move [5]. Reshetikhinand Turaev [25] usedthis last
fact to construct invariants of 3-manifolds,by showing that someÞnite dimensional
Hopf algebrashave a Þnite subsetof representations S, such that a proper linear
combination of the framedlink invariants corresponding to the elements of S, is also
invariant under the Fenn-Rourke move. On the other hand, Hennings [9] deÞned
invariants of 3-manifoldsstarting directly with a unimodular ribbon Hopf algebra
and a trace function on it. Eventually Lyubashenko and Kerler [12] constructed3-
manifold invariants (2+1 topological quantum Þeld theory) out of a Hopf algebra
in a linear abelian braided monoidal categorywith certain coends,and showed that
Reshetikhin-TuraevÕsand HenningsÕinvariants are particular casesof such more
generalapproach (cf. [10]).

All theseresults lead Kerler to deÞnein [13] a surjective functor from a braided
monoidal category A lg, freely generatedby a Hopf algebra object, to the catego-
ry of 3-dimensionalrelative cobordismsCob2+1 . Moreover he asked what additional
relations should be introduced in A lg, so that the functor above deÞnesan equiv-
alencebetweenthe quotient of A lg by theserelations and Cob2+1 (cf. [21, Problem
8-16(1)]). Finding theserelations would completethe characterization of Cob2+1 in
purely algebraicterms.

In the present work we proposetwo new relations such that the corresponding
functor on the quotient inducesa bijectivemap betweenthe closedmorphismsof the
algebraiccategoryand the set of closedconnectedorientable 3-manifolds,obtaining
in this way an algebraiccharacterization of such manifolds.

Our approach is independent of KerlerÕswork. Actually, we obtain the result
for 3-manifolds as a consequenceof the algebraic description of 4-dimensional2-
handlebodiesmodulo 2-deformations.

In particular, we construct a bijective correspondencebetweenthe set of equiva-
lenceclassesof connected4-dimensional2-handlebodiesmodulo 2-deformationsand
the set of closedmorphismsof a universal categoryH r. The objects of H r are the
elements of the free (" , 1)-algebra on a single object H and H r is universal with
respect to the properties that:

a) H is a unimodular braided Hopf algebra;

b) there is a specialmorphismv : H # H which makesH into a ribbon algebraas
deÞnedin 6.2 (over the trivial groupoid: oneobject and onerelation).

Wepoint out the following di!erencesbetweenH r and the algebraA lg proposed
by Kerler in [13].

Firstly, sincewe are interested in 4-dimensional2-handlebodies, we do not re-
quire that the Hopf copairing 1 # H " H is non-degenerate.Such condition is
equivalent to the requirement that the algebraintegral and cointegral are dual with
respect to this copairing (cf. (34) in [13]) and is necessaryonly when one restricts
to 3-manifolds(cf. 6.9).
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Secondly, we introducethe ribbon morphism asa morphism v : H # H instead
of vK : 1 # H asit is donein [13].Thesetwo ways areequivalent, beingv obtainable
by taking the product of vK with the identit y morphism on H and then composing
with the multiplication. However, viewing the ribbon morphismasa morphismfrom
the algebrato itself allowsto talk about its propagationthrough the diagrams,which
is a main tool in the proofs.

Besidesthesecosmeticdi!erences, the new relations with respect to the ones
givenby Kerler are (r10) and (r11) in 6.2.The Þrst onedescribesthe propagationof
the ribbon morphismthrough the copairing,and the secondonerelatesthe copairing
and the braiding morphism.

Before stating the main results, we would like to sketch our approach to the
problem. In [13] Kerler constructs a functor from the algebraic category to the
categoryof Kirb y tangles(similar map is presented also in [8]). The main di"cult y
in going the other way consistsin the fact that the elementary morphisms in the
universal braided Hopf algebraare local (involve only objects which are ÒcloseÓto
each other), while handle slides in generalare not. So, to be able to go naturally
from the topological category to the algebra,onewould like to have an alternative
description of the topological objects in which the moves of equivalenceare more
similar to the algebraicones.For 4-dimensional2-handlebodies such description is
given in [2] in terms of simple coveringsof B4 branched over ribbon surfaces.

In particular, starting from a surgerydescription of a connected4-dimensional
2-handlebody M asan ordinary Kirb y diagramK (with a single0-handle),in order
to obtain a descriptionof M asa simplecoveringof B4 of degreen $ 4 branchedover
a ribbon surface,oneÞrst stabilizeswith n %1 pairs of canceling0/1-handles.This
transforms K into a generalizedKirb y diagram eK, which represents the attaching
mapsof the 1- and 2-handleson the boundary of the n 0-handles.The generalized
Kirb y diagramsdi!er from the ordinary onesby the fact that in them each sideof
the spanning disks of the dotted components and each component of the framed
ones,after cutting them at the intersectionswith those disks, carries a label from
{ 1, 2, . . . , n} , indicating the 0-handlewhere it lives.Examplesof generalizedKirb y
tanglesare shown in the right column of Figure 1, while the precisedeÞnition can
be found in Section 2. By using the extra 0-handles, eK can be symmetrized and
the resulting diagram is interpreted as a labeled ribbon surfaceFK in B4, that
is the branching surface of an n-fold covering. Moreover, if we change M by 2-
deformation, i.e. changeK by Kirb y calculusmoves,FK changesby a sequenceof
local moves (1-isotopy and ribbon moves). The correspondenceK &# FK between
labeledribbon surfacesmodulo 1-isotopy and ribbon moves,and generalizedKirb y
diagramsmodulo Kirb y calculusmoves,is invertible (for the deÞnitionof the inverse
F &#KF , seeSection2 in [2] and Section4 below).

Therefore,in order to obtain the desiredalgebraicdescription of 4-dimensional
2-handlebodies it is enoughto factor the correspondenceF &#KF through a map
onto the morphismsof the algebraiccategory and sincethe equivalencemoves on
ribbon surfacesare local, this shouldbe relatively easyto do. Yet, there is a price to
pay: we will needa family of ribbon Hopf algebrasH r

n, which generalizeH r = H r
1

and describe 4-dimensional2-handlebodieswith n 0-handles.Then we will alsoneed
a ÒreductionÓmap, which is the algebraicanalogof cancelingpairs of 0/1-handles.

– 3 –



! <
n

! <
n

" n

" n

! <
n " n

! <
n " n

! <
n " n

" n

" n

" n

" n

comultiplication

multiplication

unit

cointegral

antip ode

copairing

integral

(i j )

1

(i k)

(j k)

(i j )

(i j )

ribbon element

braiding

(i j )

(i j )

(i j )

(i j )

1

1

(i j )

(i ! j !)

(i, i

i

j

j

j )

(i, j )(i, j )

(i, j )

(i, j )

(i, j )

(i, j )

(j , k)

(i, k)

(i, i )

(i, i )

(i, i ) (i !, i !)

(i, i !)

i ! j !

i !

i !

j !
j !

i j i j

i k

i j

i j

i j

i j

j k
k

i j

i j

i i

i i

i i

i !

i ! i !

i i !

i ! i

i
j

i
j

j

i
j

i
j

! <
n " n

counit
(i j ) (i, j ) i j

i
j

i

(i j ) (i ! j !)

(i !, i )

(i, j )

(i, j )

(i !, j !)

(i !, j !)

Figure 1.

– 4 –



As onemay expect, the construction of this map is the main technical di"cult y to
be overcome.

We now proceed with some more details and list the main results. Given a
groupoid G, we deÞnea ribbon Hopf G-algebra in a braided monoidal category
(generalizing the concept of group Hopf algebra described in [29]) and introduce
the universal category H r(G) freely generatedby a ribbon Hopf G-algebra. Our
basicexampleof a braided monoidal categorywith a ribbon Hopf G-algebrain it, is
the categoryof admissiblegeneralizedKirb y tanglesKn with n labels (equiv. n 0-
handles)modulo slidesof handlesof index ! 2 and creations/cancellationsof pairsof
1/2-handles.In this case,G = Gn is the groupoid with objects1, 2, . . . , n and a single
morphism, denotedby (i, j) betweenany i and j. In particular, if H r

n = H r(Gn) we
have the following theorem,which extendsresults of Habiro [8] and Kerler [13].

Theorem 1.1. There is a braided monoidal functor # n : H r
n # Kn.

The elementary morphismsin H r
n and their imagesunder # n are presented on

the right in Figure 1 (one needsto add the inversesof the braiding, the antip ode
and the ribbon morphism, but this is straightforward).

Another classof braidedmonoidalcategoriesthat weintroducearethe categories
Sn of ribbon surfacetangles(rs-tangles)labeledby transpositions in the symmetric
group $ n.

A smooth compact surfaceF ' B4 with Bd F ' S3 = R3 ( ) is called a
ribbon surfaceif the Euclidean norm restricts to a Morse function on F with no
local maxima in Int F . Then an rs-tangle should be thought as a slice of a ribbon
surface.Wepresent ribbon surfacesand rs-tanglesthrough their projectionsin R3. In
particular, the objects in Sn are intervals labeledby transpositions in $ n, while any
morphismis a composition of juxtapositionsof the elementary morphismspresented
on the left in Figures 1 and 2 (the transpositions (i j) and (k l) in Figure 2 are
assumedto be disjoint, i.e. { i, j} * { k, l} = +O). The relations in the category are
given by 1-isotopy moves, which are special type of isotopy moves, and the two
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Figure 2. ((i j ) and (k l) disjoint)

– 5 –



ribbon moves presented in Figure 3, where (i j) and (k l) are disjoint. It is not
known if 1-isotopy coincideswith isotopy of ribbon surfaces,for somediscussionsof
this problem we refer the readerto [2].

(i j )

(i k) (i k)

(j k) (i j ) (j k) (i j ) (i j )

(i j )(i j )

(k l)(k l)

(R1) (R2)

Figure 3. Ribbon relations in Sn ((i j ) and (k l) disjoint).

Observe that each morphism in the monoidal categorieswe are consideringis
a composition of products (juxtap ositions) of elementary onesand any elementary
morphism involves someset of labels, which are morphisms in a given connected
groupoid G (G = Gn for Kn and H r

n, while G = $ n for Sn). Then we call a morphism
complete if the labels occurring in it together with the identities of G generateall
G, i.e. any element of G which is not an identit y can be obtained as a product of
thoselabelsor their inverses.As it will be shown later, for each oneof the categories
used, the notion of completenessis well-posed, i.e it is preserved by equivalence
of morphisms. In particular, a generalizedKirb y diagram is complete if and only
if it describes a connected2-handlebody. Analogously, a labeled ribbon surfaceis
completeif and only if it describesa connectedbranched covering.

Given such a monoidal categoryC, we denoteby bC the set of closedmorphisms,
i.e. the oneshaving 1 (the empty object in H r

n and Kn) as sourceand target, and
by bCc ' bC the set of closedcompletemorphisms.

For m < n, there is an injection , n
m : bK c

m # bK c
n which sendsK - K c

m to
its disjoint union with n % m dotted components of labels (m,m + 1), (m + 1,
m + 2), . . . , (n %1, n). We call , n

mK the n-stabilization of K. In the handlebody, de-
scribedby K, this correspondsto the creationof n%m pairsof canceling0/1-handles.
As it is well known (cf. Section2), any connectedhandlebody with n 0-handlesis
equivalent (through 1- and 2-handleslides)to the n-stabilization of a 2-handlebody
with m < n 0-handles.Thereforethe stabilization map is invertible, and its inverse
. n

m : bK c
n # bK c

m will be called a reduction map.
The next theorem states the existenceof analogousmaps between the closed

complete morphisms in H r
m and H r

n with m < n. Hopefully without causing a
confusion,we usefor thesemaps the samenotation as for the corresponding maps
betweengeneralizedKirb y diagrams.

Theorem 1.2. Given m < n, there exist a stabilization map , n
m : bH r,c

m # bH r,c
n

and a reduction map . n
m : bH r,c

n # bH r,c
m which are the inverseof each another, such

that # n / , n
m = , n

m / # m.

OnecanalsodeÞnea stabilization map, n
m : bSc

m # bSc
n betweenthe corresponding

setsof labeled ribbon surfaces,by sendingF - bSc
m to the disjoint union of F and

n %m disks labeledby the permutations (m m+ 1), (m+ 1 m+ 2), . . . , (n%1 n), and
we denote by , n

mF the n-stabilization of F . Proposition 4.2 in [2] states that this
map is invertible for n > m $ 3 (that is any F 0 - bSc

n is equivalent through 1-isotopy
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and ribbon movesto the n-stabilization of a surfaceF - bSc
m). The inverseis called

again a reduction map and is denotedby . n
m : bSc

n # bSc
m.

Recall that our goal is to factor the bijective correspondenceF &#KF between
the set bSc

n of completelabeledribbon surfacesand the set bK c
n of completegeneralized

Kirb y diagramswith n $ 4, through a map onto the closedcompletemorphismsin
the universal algebraiccategory bH r,c

n . This is done by deÞninga functor Sn # H r
n

and then composingit with # n. Observe that the objects in Sn and H r
n are not the

same:in Sn they are intervals labeledby simple permutations, i.e. unorderedpairs
of indices,while in H r

n they are intervals labeled by morphismsin Gn, i.e. ordered
pairs of indices.Then, any functor Sn # H r

n requiresa choiceof an ordering of the
indices.However, its restriction to the closedmorphismsis independent on such a
choice,as indicated in the next theorem.

Theorem 1.3. Let < denote a strict total order on the set of objects of Gn.
Then there exists a braided monoidal functor %<

n : Sn # H r
n. Moreover, if <0 is

another strict total order on the set of objects of Gn, there is a natural equivalence
τ : %<

n # %<!

n which is identit y on the empty set. In particular, the restriction of
%<

n to bSn is independent on < and is denotedby %n.

On the left in Figures1 and in Figure 2 we present the imagesunder %<
n of the

elementary morphismswith somechoicesof labels.We assumei < j < k and i0 < j0

in Figure 1, and i < j, k < l, { k, l} * { i, j} = +O in Figure 2. The imagesunder
%<

n of elementary morphismswith di!erent orderingsof the labels are similar (see
Section9).

The following theorem summarizesand completesthe algebraicdescription of
4-dimensional2-handlebodies.

Theorem 1.4. For n $ 4 there is a commutativ e diagram of bijective maps:

Sc
n

F K F
K c

n K1

H r,c
n H r = H r

1

! n" n
! 1

n
1

n
1

n
1

n
1

Observe that, sinceF &#KF is a bijective map, the commutativit y of the di-
agram implies that %n is injective and # n is surjective. Therefore to prove the
bijectivit y of all mapsin the diagram it is enoughto show that %n is alsosurjective
when n $ 4.

In order to deal with 3-manifolds we basically need to quotient all the cate-
gories involved in Theorem 1.4 by someadditional relations. Indeed, accordingto
Kirb y [14],we canthink of closedconnected3-manifoldsasconnected4-dimensional
2-handlebodiesmodulo 1/2-handle trading and positive/negativeblowups.The quo-
tient categoryof Kn modulo theseextra relations is denotedby @Kn. Analogously,
following [2], one can introduce in Sn the additional local relations presented in
Figure 4. Thoserelations preserve up to isotopy the boundary of the ribbon surface
while changing its Euler characteristic. Let @Sn denote the quotient of Sn modulo
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these additional relations. Then Theorem 2 in [2] states that F &# KF deÞnesa
bijective correspondencebetween@ bSc

n and @ bK c
n for n $ 4.

(i j) (i j) (i j) (i j) (i j) (i j) (i j)

(T) (P) (P ′)

Figure 4. Additional relations in ! Sn.

In the samespirit, in Paragraph6.9we introducetwo additional relations in H r
n:

the Þrst onestatesthe duality of the algebraintegral andcointegral with respect to
the copairing, and the secondone is a normalization in sensethat a speciÞcclosed
morphism is sent to the trivial morphism on 1. Let @H r

n denotethe quotient of Hn

modulo thesetwo relations and put @ bH r = @ bH r
1. Then the algebraicdescription of

3-manifoldsfollows from our last theorem.

Theorem 1.5. The braided monoidal functors # n and %n induce well deÞned
functors @# n : @H r

n # @Kn and @%n : @Sn # @H r
n betweenthe quotient categories.

Moreover, , n
m and . n

m induce well deÞnedbijective maps@, n
m : @ bH r,c

m # @ bH r,c
n and

@. n
m : @ bH r,c

n # @ bH r,c
m , for any m < n. Consequently, the commutativ e diagram in

Theorem1.4 inducesan analogouscommutativ e diagram of bijective mapsbetween
the corresponding quotient sets.

Comments and open questions

a) The proofs of all theoremsare constructive, i.e. the functors # n, %n and the
map . n

m are explicitly deÞned.Moreover, oncewe know that # 1 is a bijection
on the set of closedmorphisms, it is easyto describe its inverse,i.e. the map
which associatesto each surgerydescription of a 4-dimensional2-handlebody a
morphism in bH r, without passingthrough bSc

n (cf. 7.3).
b) The reader might wonder why we have introduced the general concept of a

groupoid ribbon Hopf algebra, even if it is being used only in the caseof a
speciÞcand very simple groupoid. The reasonsare two. The Þrst one is that
working with the generalcasedoesnot make heavier the algebraicpart, actually
it makes it easierto follow. The secondone is that, in our believe, the group
ribbon Hopf algebra(which is anotherparticular caseof the construction) should
beusefulin Þndingan algebraicdescriptionof other typesof topologicalobjects,
for examplethe group manifolds studied in [29].

c) The only reasonfor which our result concernsclosed3-manifoldsand not cobor-
disms, is becauseit is basedon the result of [2], where the map F &# KF is
deÞnedand shown to be a bijection only for surfaces/linksand not for tangles.
Nevertheless,the wholespirit of the present work (observe that the factorization
of F &#KF is donethrough functors deÞnedon the categoriesof tangles), sug-
geststhat thesefunctors themselvesare probably equivalencesof categories,i.e.
that @H r is indeedthe categorywhich represents the algebraiccharacterization
of the 3-dimensionalrelative cobordisms(see[13]).
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d) By restricting the map . 2
1 / %2 to doublebranchedcoveringsof B4, i.e. to ribbon

surfaceslabeled with the single permutation (1 2), one obtains an invariant of
ribbon surfacesembeddedin R4 under 1-isotopy taking valuesin H r.

e) Obviously, given any particular braided (selfdual) ribbon Hopf algebra over a
ring, Theorem1.4(resp.Theorem1.5) canbeusedto construct particular invari-
ants of 4-dimensional2-handlebodies (resp. 3-manifolds). All examplesof such
algebrasthat we know aresimply braidingsof (ordinary) Þnite-dimensionaluni-
modular ribbon Hopf algebras,thereforethe resulting invariants are the HKR-
type invariants from [1] (for the deÞnitionof the braidedHopf algebraassociated
to an ordinary ribbon Hopf algebra,seefor exampleLemma 3.7 in [29]). Nev-
ertheless,we do not know if any Þnite-dimensionalbraided ribbon Hopf algebra
is a braiding of an ordinary one.
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2.1. A Kirb y diagramdescribesan orientable 4-dimensional2-handlebody H0 (
H1

1 ( . . . ( H1
p ( H2

1 ( . . . ( H2
q with only one0-handle,by encoding 1- and 2-handles

in a suitable link K ' S3 5 Bd H0. Namely, K hasp dotted components spanning
disjoint ßat disks which represent the 1-handlesand q framed components which
determine the attaching maps of the 2-handles.We refer to [14] or [6] for details
and basicfacts about Kirb y diagrams,limiting ourselvesto recall hereonly the ones
relevant for our purposes.

The assumptionof having only one0-handle,is crucial in order to makea natural
convention on the framings, that allows to expressthem by integersÞxing as zero
the homologicallytrivial ones.

However, we renouncethis advantage on the notation for framings in favour of
more ßexibility in the representation of multiple 0-handles.The reasonis that an
n-fold covering of B4 branched over a ribbon surfaceturns out to have a natural
handlebody structure with n 0-handles.

We call a generalizedKirb y diagram a representation of an orientable 4-dimen-
sional 2-handlebody with multiple 0-handles.It is essentially deÞnedby identifying
the boundariesof all 0-handleswith S3 (where the diagram takes place), and by
putting labels in the diagram in order to keeptrace of the original 0-handlewhere
each part of it is from. If there is only one0-handle,the labels can be omitted and
we have an ordinary Kirb y diagram.

More precisely, a generalizedKirb y diagram representing an orientable 4-di-
mensionalhandleboby H0

1 ( . . . ( H0
n ( H1

1 ( . . . ( H1
p ( H2

1 ( . . . ( H2
q consistsof

the following data: a boxed label indicating the number n of 0-handles;p dotted
unknots spanningdisjoint ßat disks,each sideof which hasa label from { 1, . . . , n} ;
q integer framed disjoint knots transversalwith respect to thosedisks, with a label
from { 1, . . . , n} for each component of the complement of the intersectionswith
the disks. The labeling must be admissible in the sensethat all the framed arcs
coming out from one side of a disks have the samelabel of that side (cf. Figure
5). This rule makesthe labeling redundant and sometimeswe omit the superßuous
labels.Moreover, the framingsarealways drawn asparallel curves,i.e. the undotted
components represent embeddingsof S1 0 I in R3.

To establish the relation between a generalizedKirb y diagram and the han-
dlebody it represents, we Þrst convert the dot notation for the 1-handlesinto a
ball notation, as shown in Figure 5. Here, the two balls, together with the relative
framed arcs,are symmetric with respect to the horizontal planecontaining the disk
and squeezingthem vertically on the disk we get back the original diagram. After

nn

i

j

i
j

i

i

j

j

Figure 5. One-handle notation.
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that, we take a disjoint union of n 4-ballsH0
1 ( . . . ( H0

n, which are going to be the
0-handles,and draw on the boundary of each H0

i the portion of the diagram labeled
with i. Then, we attach to H0

1 ( . . . ( H0
n a 1-handlebetweeneach pair of balls (pos-

sibly lying in di!erent 0-handles),accordingto the di!eomorphism induced by the
abovesymmetry, sothat wecanjoin longitudinally alongthe handlethe correspond-
ing framedarcs.Of course,the result turns out to bedeÞnedonly up to 1-handlefull
twists. At this point, we have a 1-handlebody H0

1 ( . . . ( H0
n ( H1

1 ( . . . ( H1
p with q

framedloopsin its boundary and we usesuch framedloopsasattaching instructions
for the 2-handlesH2

1 , . . . , H2
q .

We observe that any orientable 4-dimensional2-handlebody can be represent-
ed, up to isotopy, by a generalizedKirb y diagram. In fact, in order to reverseour
construction, we only needthat the identiÞcation of the boundariesof the 0-handles
with S3 is injective on the attaching regionsof 1- and 2-handlesand that the attach-
ing mapsof the 2-handlesrun longitudinally along the 1-handles.Theseproperties
can be easilyachieved by isotopy.

The above construction gives isotopic handlebody structures if and only if the
starting generalizedKirb y diagramsare equivalent up to labeledisotopy, generated
by labeleddiagram isotopy, preservingall the intersectionsbetweenloopsand disks
(as well as labels), and by the three movesdescribed in Figure 6. Here, in the last
move we assumek += l, so that the crossingchange at the bottom of the Þgure
preserves the isotopy classof the framed link in H0

1 ( . . . ( H0
n ( H1

1 ( . . . ( H1
p .

It is due to this crossingchangethat the framing convention usually adopted for
ordinary Kirb y diagramscannot be extendedto generalizedKirb y diagrams.On the
contrary, the other two movesmake sensewhatever are i, j and k. In particular, if
i = j = k they reduceto the ordinary ones.Actually, this is the only relevant case
for the secondmove,usually referredto asÒslidinga 2-handleover a 1-handleÓ,since
the other casescan be obtained by crossingchanges.Moreover, even this ordinary
casebecomessuperßuousin the context of 2-deformations,sinceit can be realized
by addition/deletion of canceling1/2-handlesand 2-handleslides(cf. [6]).

n

n

n

n

n

n

i

j

j
i

i

j

j
i

i

j

j

k

k

l

i

i

j

j

k

i

i

k

l

Figure 6. Labeled isotopy moves (k += l in the last crossing change).
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The following Figures 7 and 8 represent 2-deformations of 4-dimensional2-
handlebodies in terms of generalizedKirb y diagrams.Namely: the movesin Figure
7 correspond to addition/deletion of canceling0/1-handlesand 1/2-handles,where
i ! n and the cancelingframed component in the bottom move is assumedto be
closed;the movesin Figure 8 correspond to 1- and 2-handleslidings (in the low left
cornerof the Þgurewe assumethat the two framedsegments correspond to di!erent
components of the link). Except for the addition/deletion of canceling0/1-handles,
which doesnot makesensefor ordinary Kirb y diagrams,the rest of the movesreduce
to the ordinary onesif i = j = k.

n + 1

-labelled

dotted/framed link
n n+1

{1, . . . , n}
i

-labelled

dotted/framed link

{1, . . . , n}

n n
j

j
dotted/framed tangle

-labelled{1, . . . , n}
i

i
dotted/framed tangle

-labelled{1, . . . , n}

Figure 7. Addition/deletion of canceling pairs of handles.

n

n

n

n

i i

i

i i
i

i
i

i
j

j k

k

i i

j k

i
j

k
j

Figure 8. Handle slidings.

The 1-handle sliding is included for the sake of completeness,but it can be
generatedby addition/deletion of canceling1/2-handles and 2-handlesliding, just
like in the ordinary case(cf. [6]).

Summing up, two generalizedKirb y diagramsrepresent 2-equivalent 4-dimen-
sional2-handlebodiesif andonly if they canberelatedby the Þrst and third movesin
Figure 6 (labeledisotopy), the two movesin Figure 7 (addition/deletion of canceling
handles)and the secondmove in Figure 8 (2-handlesliding).

Of these,only the Þrst move in Figure 6 and the secondonesin Figures 7 and
8 (for i = j = n = 1) make sensein the caseof ordinary Kirb y diagrams.Actually,
such three moves su"ce to realize 2-equivalenceof 4-dimensional2-handlebodies
with only one0-handle,sinceany extra 0-handleoccurring during a 2-deformation
can be eliminated by a suitable fusion of 0-handles.

2.2. Given any generalizedKirb y diagram K representing a connectedhandle-
body with n 0-handles,we can use 2-deformation moves to transform it into an
ordinary one, by reducing the number of 0-handlesto 1. In fact, assumingn > 1,
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we can eliminate the n-th 0-handleas follows. Sincethe handlebody is connected,
there exists at least one dotted component such that one side of its spanningdisk
is labeledby n, and the other oneis labeledby i += n. We may assumethat all such
disks lie in the xy plane with the side labeled n facing up. Moreover, by changing
the crossingsof framedcomponents with di!erent labelsand by isotopy we may also
assumethat the diagram intersectsthe xy plane only in thesespanningdisks and
that all dotted and framed components above the xy plane contain only the label
n. Now we chooseoneof the components in the xy plane,say U of label (i0, n), and
slide it over all dotted components in this plane changing their labels from (i, n) to
(i, i0) (cf. the top move in Figure 8). Then we pull U up until it becomesdisjoint
from the rest of the diagram and this changesthe labels of the dotted components
above the plane from (n, n) to (i0, i0). The resulting diagram is the disjoint union
of U and a diagram KU which doesnot contain the label n. Finally we cancelthe
n-th 0-handlewith the onehandle represented by U . An exampleof such reduction
is presented in Figure 9, wherethe 1-handleU is the one in the upper right corner
of the diagram. Observe that if we had chosenanother 1-handle, for examplethe
one in the lower left corner,we would obtain the diagram on the right in Figure 10
which, asit is shown in the Þgure(and asit shouldbe), is equivalent to the previous
onethrough 1-handleslides.

3
1

3
1

1
3

2

3
1

3
1

3
1

2

1
1

1
1

2

3
1

Figure 9.

1

1

1

1

2 2 2

1

1

1

1
1

1

1
1

Figure 10.
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2.3. Now we introducethe notion of an admissiblegeneralizedKirb y tangleand
organizesuch tanglesinto a monoidal category.

We recall that a braidedmonoidalcategory(C, " , 1, ∂A, A∂, α, ∞) is a categoryC
equipped with a functor " : C0 C# C, an object 1 - C and natural isomorphisms:

∂A : 1 " A # A,

A∂ : A " 1 # A,
αA,B,C : (A " B) " C # A " (B " C) (associativit y),

∞A,B : A " B # B " A (commutativit y or braiding),

which satisfy a well known set of axioms (see for example [27]). " is called the
product of the category. In the category of generalizedKirb y tangles this product
will be given by the juxtaposition of diagrams.This is possibleonly if the number
of the 0-handles(labels) is Þxed;otherwisethe equivalencemove presented on the
top in Figure 7 would violate the monoidalstructure. So,in what follows we assume
that the box of all diagramscontains a Þxedn, and thereforewe omit it.

A generalizedKirb y tangle is a slice of a generalizedKirb y diagram, i.e. the
intersection of a generalizedKirb y diagram K with R2 0 [0, 1], where the dotted
components of K (and their spanningdisks) do not intersectR2 0 { 0, 1} , while the
framed components of K intersect R2 0 { 0, 1} transversely. Two generalizedKirb y
tanglesare equivalent if they can be transformed into each other through ambient
isotopy of R2 0 [0, 1], the Þrst and the third moves in Figure 6, the lower move in
Figure 7, and the secondmove in 8, leaving R2 0 { 0, 1} Þxed.Moreover, in the move
in Figure 8 we assumethat the two segments belongto di!erent components of the
tangle and that the component over which the sliding is doneis closed.

We deÞnethe categoryKn of (n-labeled)admissiblegeneralizedKirb y tanglesas
follows.An object of Kn is an orderedsetof pairsof intervals{ (I+

1 , I−1 ), . . . , (I+
s , I−s )}

in R1 ' R2, each one labeled with pair of numbers (i+
k , i−k ), 1 ! i+

k , i−k ! n. To
simplify the notation wewill often denotesuch object simply by the orderedsequence
of labels.A morphism in Kn is given by a generalizedKirb y tangle each component
of which is either closedor intersectsat most oneof the planesR20 { 0} and R20 { 1}
in a pair of intervals (I+

k , I−k ), in such a way that the label of each interval coincides
with the label of the framed component to which it belongs.Moreover, any open
component hasa half-integerframing. The composition of two morphismsis obtained
by identifying the target of the Þrst onewith the sourseof the secondand rescaling.
Observe that our notion of admissibletanglesis morerestrictive than the onein [19]
and [12], but this is all we need.Kn is a braided monoidal categorywith respect to
juxtaposition of diagrams.In particular, 1 is the empty set, the identit y on (i, j) and
the braiding morphisms∞(i,j),(i! ,j! ) and ∞−1

(i! ,j! ),(i,j) are presented in Figure 11, while
∂A, A∂ and the associativit y morphismsare the identities.

i ′ j ′

i ′

i ′

j ′
j ′

i j

i j

i
j

i ′ j ′

i ′

i ′

j ′
j ′

i ji j

i ji j

i
j

i
j

Figure 11. Identity and the braiding morphisms in Kn.
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We recall from the Introduction that a morphism K in Kn is closedif it has
the empty object as sourseand target. Moreover, K is completeif the labelsof the
dotted components (taken as orderedpairs of indices) together with the identities
(i, i), i = 1, . . . , n, generateall the groupoid Gn. Equivalently, K is completeif and
only if the graph having n orderedverticesand oneedgeconnectingthe i-th and the
j-th vertex for any dotted component of label (i, j), is connected.To seethat the
notion of completenessis well-posedwith respect to equivalencesof morphisms,we
observe that the only move in which a dotted component may appear or disappear
is the bottom move in Figure 7 where if there i += j, neccesarilythe cancelling
framedcomponent passesthrough other 1-handes,the corresponding edgesof which
connectthe i-th and the j-th vertex of the graph. In particular, removing or adding
the edgecorresponding to the cancelling dotted component does not change the
connectednessof the graph.

Let bK c
n denotethe set of closedcompletemorphismsin Kn. Of course,a closed

morphism is complete if and only if the corresponding handlebody is connected.
Then the stabilization with an 1-handleof label (n + 1, n) shown in the upper part
of Figure 7 deÞnesa bijective map , n+1

n : bK c
n # bK c

n+1 , while the procedure of
reducing the number of 0-handlesgiven in 2.2 represents its inverse. n+1

n : bK c
n+1 #

bK c
n. Observe that , n+1

n K - bK c
n+1 and K - bK c

n describe the same4-dimensional
2-handlebody up to 2-deformation.

2.4. Even if it is irrelevant for the present work, we would like to point out that
the category Kn is equivalent to the category of n-labeled 3 + 1 cobordisms Cobn

(for n = 1 seeSection 1 in [11]). The objects in Cobn are oriented 3-dimensional
1-handlebodieswith n 0-handles.Given two such handlebodiesMs and Mr respec-
tively with s and r 1-handles,let N (Ms,Mr) denotethe 3-dimensional1-handlebody
obtained from Ms 1 Mr by attaching for any i ! n a single1-handleconnectingthe
i-th 0-handlesof Ms and Mr. We can cancelthe new 1-handlesagainst someof the
0-handlesthinking of N (Ms,Mr) asa 3-dimensional1-handlebody with n 0-handles
aswell. Then a morphismW : Ms # Mr is a relative (4-dimensional)2-handlebody
build on N (Ms,Mr). Note that the term relatitv e handlebody build on M , is usually
limited to the casewhenM is a closed3-manifold,but the generalizationis straight-
forward: weattach 1- and 2-handleson N (Ms,Mr) 0 { 1} ' N (Ms,Mr) 0 [0, 1]. Then
W1,W2 : Ms # Mr are called 2-equivalent if they are obtained from each other by
a 2-deformation,i.e. changingthe attaching mapsof the handlesthrough isotopy or
adding/deleting a cancelingpair of 1/2-handles.Obviously thesehandle movesare
limited to N (Ms,Mr) 0 { 1} . The composition of two relative cobordims W : Ms #
Mr and W 0 : Mr # Mt is obtained by gluing through an orientation reversing
homeomorphismMr 0 { 0} ' N (Ms,Mr) 0 [0, 1] and Mr 0 { 0} ' N (Mr,Mt) 0 [0, 1]
and canonically identifying the resulting manifold as N (Ms,Mt) 0 [0, 1] on which
we have attached r 4-dimensional1-handles.

Any morphismK : { (i+
1 , i−1 ), . . . , (i+

s , i−s )} # { (j+
1 , j−1 ), . . . , (j+

r , j−r )} canbe eas-
ily seenasdescribinga cobordism W (K) : Ms # Mr by composingit (if necessary)
with the identit y morphismsas shown in Figure 12.

2.5. The main theorem of Kirb y calculus [14] assertsthat two orientable 4-
dimensional2-handlebodies have di!eomorphic boundariesand the samesignature
if and only if they are related by 2-deformationsand 1/2-handle trading, while two
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-labelled

dotted/framed tangle

i+
s i!

si+
1 i!

1 i+
2 i!

2

-labelled

dotted/framed tangle

i+
r i!

ri+
1 i!

1 i+
2 i!

2

i+
s i!

si+
1 i!

1 i+
2 i!

2

i+
r i!

ri+
1 i!

1 i+
2 i!

2

{ 1, . . . , n} { 1, . . . , n}

Figure 12. Identifying a morphism in Kn as relative cobordism.

orientable 4-dimensional2-handlebodies have di!eomorphic boundariesif and only
if they are related by 2-deformations,positive/negative blowing up/down and 1/2-
handle trading.

In terms of generalizedKirb y diagrams these last three modiÞcations can be
realizedby the moves in Figure 13. Thesemovesessentially coincidewith the cor-
responding onesfor ordinary Kirb y diagrams(with i = n = 1), being the involved
labelsall the same.

As it is shown in Figure 14 (a), modulo 2-deformations,1/2-handle trading is
equivalent to 1/2-handle trading for a cancelingpair, which is the move presented

n n

i

i
i

i

i

i

i

n

i

±1
dotted/framed tangle

-labelled{1, . . . , n}
n

dotted/framed tangle
-labelled{1, . . . , n}

Figure 13. Blowing up/down and 1/2-handle trading.

O1! 1 1 1
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i
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i
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i
i

i

i

i
i

i

i

i

i

i

i

i

i

i
i

)(a

(b)

Figure 14. Reducing blowing up/down and 1/2-handle trading to special cases.
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in Figure 15 (a). Moreover, the relation in Figure 14 (b) implies that in @?Kn a
negative blow up can be obtained through 2-deformationsand 1/2-handle trading
from the positive one(Figure 15 (b)). Thereforewe deÞnethe category@?Kn to be
the Kn modulo the relation in Figure 15 (a), while @Kn to be the Kn modulo the
relations in Figure 15 (a) and (b). From [14]and the discussionabove it follows that
the closedmorphisms@? bKn in @?Kn describe framed 3-manifolds,while the closed
morphisms@ bKn in @Kn describe 3-manifolds.

O1

(a) (b)

i

i i i

i
i

i
i

Figure 15. Additional relations in ! ?Kn and ! Kn.

3. The cat egory Sn of labeled rs-t angles

We review the notion of ribbon surfaceand 1-isotopy of such surfacesfrom [2].
A smooth compact surfaceF ' B4 with Bd F ' S3 is called a ribbon surface
if the Euclidean norm restricts to a Morse function on F with no local maxima
in Int F . Assuming F ' R4

− ' R4
− ( {)} 2 B4, this property is topologically

equivalent to the fact that the fourth Cartesian coordinate restricts to a Morse
height function on F with no local maxima in Int F . Such a surfaceF ' R4

− can
be horizontally (preserving the height function) isotoped to make its orthogonal
projection into R3 a self-transversal immersedsurface,whosedouble points form
disjoint arcsas in Figure 16 (a).

(a) (b)

Figure 16.

We refer to such a projection asa 3-dimensionaldiagramof F . Actually, any im-
mersedcompactsurfaceF ' R3 with no closedcomponents and all self-intersections
of which are asabove, is the diagram of a ribbon surfaceuniquely determinedup to
vertical isotopy. This can be obtained by pushing Int F down inside Int R4

− in such
a way that all self-intersectionsdisappear.

In, [BP] we introduced 1-isotopy between ribbon surfaces,to be generatedby
3-dimensionaldiagram isotopy in R3 (that meansisotopy preservingribbon inter-
sections)and the 1-isotopy movesdepicted in Figure 17.

Sincea ribbon surfaceF hasno closedcomponents, any 3-dimensionaldiagram
of it, consideredasa 2-dimensionalcomplexin R3, collapsesto a graphG. Wechoose
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Figure 17. 1-isotopy moves.

G to be the projection in R3 of a smooth simplespine eG of F (simple meansthat all
the verticeshave valency one or three), which meetsat exactly one point each arc
projecting to a ribbon intersection of the 3-dimensionaldiagram of F as shown in
Figure 16 (b). The inverseimagein eG of such a point consistsof a singleuni-valent
vertex and a point in the interior of an edge,while the restriction of the projection
to eG with such uni-valent verticesremoved, is injective.

Therefore,G turns out to have only verticesof valency1 and 3. We call singular
vertices the tri-v alent vertices located at the ribbon intersections,and ßat vertices
all the other vertices.Moreover, we assumethat G hasdistinct tangent linesat each
ßat tri-v alent vertex while the tangent lines to two of the edgesat a singular vertex
coincide(sincethosetwo edgesform a uniqueedgeof eG) and di!er from the tangent
line to the third edgeat such vertex.

Up to a further horizontal isotopy, we can contract the 3-dimensionaldiagram
of F to a narrow regular neighborhood of the graph G. Moreover, by considering
a planar diagram of G, we can assumethat the diagram of F is contained in the
projection plane, except for a Þnite number of positive/negative ribbon half-twists,
ribbon intersectionsand ribbon crossings,as the onesdepicted in Figure 18.

Figure 18.
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In this way we get a new diagram of F , consistingof a certain number of re-
gionsas the onespresented in Figures 18 and 19, suitably connectedby ßat bands
contained in the projection plane. We call such diagram a planar diagram of F .

Figure 19.

Actually, a planar diagram of F arisesas a diagram of the pair (F,G) and this
is the right way to think of it. However, we omit to draw the graph G in the pictures
of a planar diagram, since it can be trivially recovered, up to diagram isotopy, as
the coreof the diagram itself. In particular, the singular verticesand the projection
crossingsare located at the centers of the third circle in Figure 18, while the ßat
vertices of G are located at the centers of the circles in Figure 19. To be precise,
there are two choicesin recovering the graph G at a singular vertex, as shown in
Figure 20. They give the samegraph diagram of each other, but di!er for the way
the graph is embeddedin the 3-dimensionaldiagramof the surface.We considerthe
move depicted in Figure 20 as an equivalencemove for the pair (F,G). Up to this
move, G is uniquely determinedalsoasa graph in the 3-dimensionaldiagram of F .

Figure 20.

Like the 3-dimensionaldiagrams,also the planar onesuniquely determine the
ribbon surfaceF up to vertical isotopy. Here,by vertical isotopy we meanan isotopy
which preservesthe Þrst2 coordinates.In other words,the 3-dimensionalheight func-
tions (as well as the 4-dimensionalone) is left undeterminedfor a planar diagram.
Of course,such height function is required to be consistent with the restrictions
deriving from the local conÞgurationsin Figure 18.

In the following, ribbon surfaceswill be always represented by planar diagrams
and consideredup to vertical isotopy (preservingthe Þrst 2 coordinates).

By a ribbon surfacetangle (or simply rs-tangle) we mean the intersection of a
pair (F,G), consistingof a ribbon surfaceF and its coregraph G, with R2 0 [0, 1] '
R3, whereF intersectstransverselyR2 0 { 0, 1} in somesetsof arcs,calledboundary
arcs, and G intersectstransverselyR2 0 { 0, 1} in someset of points, one for each
boundary arc, di!erent from its vertices.

Two rs-tanglesare 1-isotopic if they are related by 1-isotopy inside R2 0 [0, 1]
leaving Þxeda small regularneighborhood of the boundaryarcs.The rs-tanglesform
a category S whoseobjects are sets of intervals in R2, and whosemorphismsare
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rs-tanglesin which sourceand target are respectively given by the intersection of
the rs-tanglewith R2 0 { 0} and R2 0 { 1} . Then the composition of two morphismsis
obtained by identifying the target of the Þrst onewith the sourceof the secondand
rescaling.We alsodeÞnethe product of two rs-tanglesby horizontal juxtaposition.

Pr oposition 3.1. S is equivalent to the category of planar diagrams,whose
objects are Þnite sequencesof disjoint intervals in R, and whosemorphisms are
iterated products and compositions of the elementary planar diagrams presented
in Figure 21, modulo plane isotopies preserving the y-coordinate and the moves
presented in Figures22Ð25,whereD and D0 in moves(I1), (I8) and (I9) correspond
to any of the elementary diagramsin Figure 21.

(a) (b) (b′) (c) (c′) (d) (e) (e′) (f ) ( f ′) (g) (g′)

Figure 21. Elementary diagrams in S

(I4) (I5) (I6)

D

D

!

D

D

! (I1) (I2 !)(I2) (I3)

Figure 22. Planar isotopy relations in S

D

D

D

D
(I7) (I7!) (I8) (I9)

(I10)

(I12!)

(I11)

(I12) (I13)

(I14) (I14!) (I15)

Figure 23. 3-dimensional isotopy relations in S
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(I16) (I17) (I18)

Figure 24. Graph changing relations in S

(I19) (I20)

(I21) (I22)

Figure 25. 1-isotopy relations in S

The proof of Proposition 3.1 is technical but quite standard and the details are
presented in Appendix I (p. 76). Here,we only make few observations: moves(I1) to
(I6) comefrom isotopy of (oriented with respect to the y-axis) planar diagramsin the
projection plane (but su"ce for that only up to the subsequent moves);moves(I7)
to (I15) describe the changesunder 3-dimensionalisotopiespreservingthe ribbon
intersections;moves(I16) to (I18) describe the changeswhich occur in the planar
diagram when one changesthe core graph G of F ; moves (I19) to (I22) represent
in terms of standard planar diagramsthe 1-isotopy movesin Figure 17.

3.2. Proposition 3.1 implies that S is a braided monoidalcategorywith respect
to juxtaposition of diagrams:1 is again the empty set, the braiding morphisms∞I,I !

and ∞−1
I,I ! are presented in Figure 19 (f ) and ( f 0), while ∂A, A∂ and the associativit y

morphismsarethe identities. In fact, aswewill show, S carriesalsoautonomousand
tortile structures. Recall from [27] that an autonomousbraided monoidal category
(C, " , 1, ∂A, A∂, α, ∞, &, ∏) is a braided monoidalcategoryC in which every object A
hasa right dual (A∗, &A, ∏A), wherethe morphisms

&A : 1 # A∗ " A (coform)
∏A : A " A∗ # 1 (form)

are such that the compositions

A A ∂" 1

%# A " 1
id¶! A%# A " (A∗ " A) α" 1

%# (A " A∗) " A
∏A ¶id
%# 1 " A

∂A%# A,

A∗ ∂" 1
A%# 1 " A∗ ! A ¶id

%# (A∗ " A) " A∗ α%# A∗ " (A " A∗)
id¶∏A%# A∗ " 1 A ∂

%# A∗,
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are the identities. Then, given any morphism F : A # B in C, we deÞneits dual
F ∗ : B∗ # A∗ as follows:

F ∗ = A∂−1 / (idA# " ∏B) / αA# ,B,B# / (( idA# " F ) " idB# ) / (&A " idB# ) / ∂−1
B# .

A twist for a braided monoidal category is a family of natural isomorphisms
θA : A # A such that θ1 = id1 and θA¶B = ∞B,A / (θB " θA) / ∞A,B.

An autonomousbraided monoidal category is called tortile (the terminology is
from [27]) if it is equipped with a distinguishedtwist such that θA# = (θA)∗ for any
object A.

Figure 26.

A classicalexampleof tortile category is the categoryT of framed tangles.We
remind that T has the sameobjects as S, but the morphisms are compositions
of products of the elementary diagrams (a), (b), (b0), (f ) and ( f 0) in Figure 19
modulo the relations (I1), (I2-20), (I7-70), (I8), (I9) and the relation in Figure
26. The autonomousstructure on T is determined by A∗ = A for any object A,
while ∏I and &I for a single interval I are represented by the diagrams (b) and
(b0) in Figure 19 and then extendedto any other object by requiring that &A¶B =
(idB " &A " idB) / &B and ∏A¶B = ∏A / (idA " ∏B " idA). Then the conditions
on the form and coform in 3.2 reduceto relations (I2-20). The twist is deÞnedby
θA = (∏A " idA) / (idA " ∞A,A) / (&A " idA). In particular, θI is presented on
the left in Figure 26 while the relation in the sameÞgurerepresents the condition
θI# = (θI)∗. The fact that this condition is satisÞedfor any object A and that
θA¶B = ∞B,A / (θB " θA) / ∞A,B, is a straightforward application of the relations
(i7-9).

Pr oposition 3.3. S is a tortile categoryand the map which sendsany tangle
in T to the corresponding rs-tangle in S deÞnesa functor T &#S which is a strict
tortile functor.

Proof. In order to show that the map is a functor we only needto observe that
the relation in Figure 26 is satisÞedin S. Indeed, this follows easily by applying
(I11), (I4) and (I2). Now we deÞnethe form, coform and the twist in S to be equal
to the imagesof the correspoinding morphismsin T . Those would make S into a
tortile category if the twist is natural in S, i.e if for any morphism F : A # B in
S, θB / F = F / θA. This follows from the naturalit y of the twist in T and relations
(I13-15). !

3.4. An rs-tangle labeled in the symmetric group $ n, is an rs-tangle in which
each boundaryarcandeach connectedcomponent of its 3-dimensionaldiagramswith
doublepoints removed,is labeledby a transposition in $ n, accordingto the following
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rules: the label of any boundary arc coincideswith the label of the component to
which it belongs;at any ribbon intersection, the label of the ribbon entering into a
disk, getsconjugatedby the label of this disk.

Then the category Sn of labeled rs-tangles, is deÞnedto have as objects the
Þnite sets { Ii, (ki li)} i of intervals Ii ' R2 labeled by transpositions (ki li) - $ n,
and as morphismsthe equivalenceclassesof labeled rs-tanglesmodulo the labeled
versionof the deÞningrelations of S and the relations (R1) and (R2) presented in
Figure 3, wherei, j, k and l are all distinct.

A labeling of a planar diagram of an rs-tangle inducesa labeling of the planar
diagram of its core graph. We call a singular vertex of such graph uni-, bi- or tri-
coloredaccordingto how many di!erent transpositionsappearaslabelsof the edges
attached to it. Then move (R1) in Figure 3 statesthat a tri-colored singular vertex
carries a cyclic symmetry, while move (R2) allows to create or remove in Sn bi-
coloredsingular vertices.

Sn is alsoa monoidal tortile category, wherethe product correspondsto disjoint
union, the identit y correspondsto the empty set and the tortile structure is induced
by that of S.

Werecall that a morphismin Sn is calledcompleteif the transpositionsoccuring
as labelsof any planar diagram of it generateall $ n. Notice that this property does
not depend on the choice of the planar diagram representation of the morphism,
being invariant under the deÞningrelations in Figures22Ð25.

As already mentioned in the Introduction, one can deÞnea stabilization map
, n+1

n : bSc
n # bSc

n+1 by sending a ribbon surface to its disjoint union with a disk
labeled (n n + 1). Moreover, accordingto Proposition 4.2 in [2], , n+1

n is invertible
for n > m $ 3 and its inverse. n+1

n : bSc
n+1 # bSc

n is called a reduction map.

Finally, we deÞne@?Sn to be quotient of Sn modulo the relation (T ) in Figure
4, and @Sn to be quotient of @?Sn modulo the relations (P) and (P0) presented in
the sameÞgure.

4. From labeled ri bb on surfaces t o Ki rb y di agram s

In this sectionwe recall from Section2 of [2], the deÞnitionof the bijective map
F &#KF sendingany labeledribbon surfaceF to a generalizedKirb y diagram KF

in Kn.
The main idea is that an 1-handlebody structure on the labeledribbon surface

F , representing a n-fold simple branched covering p : M # B4, naturally induces
a 2-handlebody structure on M deÞnedup to 2-deformations.In particular, the
construction of KF requiresto make somechoices:

a) a choiceof an adapted1-handlebody structure on F , i.e. a decomposition

F = D1 ( . . . ( Dp ( B1 ( . . . ( Bq,

where the DhÕsare disjoint ßat disks (the 0-handlesof F ) and the BhÕsare
disjoint bandsattachedto F0 = D1 ( . . . ( Dp (the 1-handlesof F ); in particular,
any ribbon intersectionoccursbetweena band and a disk;

b) a choiceof orientations of the disksDh;

– 23 –



c) for every ribbon intersectioncontained in a disk Dh, a choiceof an arc α in Dh,
joining the ribbon intersectionwith Bd Dh * Bd F ; such arcsare taken disjoint
from each other.

Then the following stepssummarizethe proceduredeÞnedin [2] for constructing
KF in the casewhenF is presented by a planar diagram. In particular, in this case
a choiceof an orientation of the projection plane inducesan orientation of all disks
(sincethey lie in this plane):
a) replaceany disk Dh by a dotted unknot coinciding with Bd Dh; if Dh is labeled

(i j) - $ n with i < j, then assignto its upper side the label i and to its lower
side, the label j;

b) cut any band Bh at the ribbon intersectionsby removing a small neighborhood
of the intersectionarc; then take two small positive and negative vertical shifts
of the resulting piecesof Bh, disjoint from the original surface; if a piece is
labeled (i j) - $ n with i < j, then label by i its upper shift and by j its lower
shift; Figure 27 (a) shows how the two shifts look like in a neighborhood of a
positive half-twist (in this Þgure,aswell asin the next one,the projection plane
is depicted from a perspective point of view);

c) connectthe two shifts of any attaching arc of a band Bh by a band which forms
a ribbon intersectionwith the attaching disk, as shown in Figure 27 (b);

j
i

(a) (b)

(i j

j

)

(i j)

(i

i

j

i

j)

j

i

Figure 27. (i < j )

d) for each ribbon intersection of F contained in a disk Dh, connect in pairs the
shifts approaching Dh from opposite sides,according to the following rule: if
two shifts have the samelabel and this is di!erent from the onesof Dh, then
connect them with a ßat band disjoint from Dh; if two shifts have di!erent
labelscoincidingwith the onesof Dh, then connectthem by a band which forms

j
i

(i

i

k

k
j

k

)

(i j)

(i j)
(j k)

(i j)
(i j)

i

j
i

j
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i

j

i

k
j

k

α

α

Figure 28. (i < j < k)
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a ribbon intersectionwith Dh and is ßat exceptfor a twist around Bd Dh in the
casewhen the two shifts approach Dh from the wrong sideswith respect to the
labeling; the whole construction is carried out in a regular neighborhood of the
arc α and Figure 28 shows two special cases.

Lemma 2.3 and Proposition 2.4 in [2] state that KF is well deÞnedup to 2-
deformation, i.e. making di!erent choicesof 1-handlebody structure, orientations
or arcs, as well as changing F by 1-isotopy or ribbon moves, changesKF only
by 2-deformation.For more details on this point, as well as for the proof that the
restriction of the map to the completemorphismsis bijective,we refer the interested
readerto [2], observingthat our Þnal result relieson the bijectivit y of the map, but
doesnot needthe explicit form of the inverse,which can be found in [2].

Instead, given any labeled ribbon surface F - bSc
n, we will need an explicit

form for KF , which requires a speciÞcchoice of adapted 1-handlebody structure
for any such surface.Since the morphisms in bSc

n are compositions of the elemen-
tary morphismspresented by the planar diagrams in Figure 19, we can deÞnean
1-handlebody structure on each morphism by indicating its intersection with the
elementary morphisms.This is done in Figures 29, 30 and 31, where the disks are
denotedwith lighter gray and the bandswith heavier gray color. Observe that there
are two types of disks: the oneswhich deformation retract onto neighborhoods of
the vertices of the core graph, and the others which divide the ribbons in such a
way that noneof them contains two boundary arcs.Moreover, sinceany band forms
at most one ribbon intersectionwith any disk Dh, and in this caseDh has a single
band attached to it, the choiceof the arcsα is unique up to isotopy, so we omit it.

The application of the construction of KF to the particular 1-handlebody struc-
ture of F chosenabove is shown in Figures 29, 30 and 31, where for later usethe
imageof the uni-coloredsingular vertex in Figure 31 hasbeentransformedthrough
the isotopy move presented in Figure 32. In particular, given F - bSc

n as a compo-

(i j ) (i j )(i j )

(i j )(i j )

(i j )(i j )

(i j )
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i
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i
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i
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i
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i ! j ! i ! j !
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Figure 29. Definition of K F (i < j and i ! < j !).
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Figure 30. Definition of K F (i < j < k, h < l and { i, j } * { h, l } = +O).
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Figure 31. Definition of K F (i < j ).

sition of elementary diagrams,KF is the formal composition of the corresponding
generalizedKirb y tangleson the right in thoseÞgures.Observe that the results in
[2] assureus that such composition is well deÞnedmorphismin bKc

n. By proving The-
orem 1.4, we will prove that the map Sn # Kn deÞnedin Figures 29, 30 and 31 is
a composition of two braided monoidal functors: %n : Sn # Hn and # n : Hn # Kn,
and thereforeit is a braided monoidal functor itself.

i
j i

j
i
j

i
j

1 1/ 2

Figure 32. Reversing a dotted unknot in Kn (i += j )

5. The uni versal brai ded Ho pf algebras H (G) and H u (G)

5.1. We remind that a groupoid G is a small categoryin which every morphism
is invertible. Hopefully without causinga confusion,we will indicate by G also the
set of the morphismsof G, endowed with the partial binary operation given by the
composition, for which we adopt the multiplicativ e notation from left to right. The
identit y of i - Obj G will be denotedby 1i - G, while the inverseof g - G will be
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denotedby g - G. Moreover, giventwo objects i, j - Obj G, wedenoteby G(i, j) ' G
the subsetof morphismsfrom i to j. Consequently, if g - G(i, j) and h - G(j, k)
then gh - G(i, k). In particular, gg = 1i and gg = 1j, and sometimesthe identit y
morphismswill be represented in this way. A groupoid is called connectedif G(i, j)
is non-empty for any i, j - Obj G. Given two groupoids G ' G0, we say that G is full
in G0 if G(i, j) = G0(i, j) for all i, j - Obj G.

We have the following basicexamplesof (connected)groupoids:

a) any groupG, consideredasa groupoid G with a singleobject 1, i.e. Obj G = { 1}
and G(1, 1) = G;

b) the groupoid Gn with n - N, such that Obj Gn = { 1, 2, . . . , n} and Gn(i, j)
consistsof a unique arrow (i, j) : i # j for any i, j - Obj G; in particular, the
composition is given by (i, j)(j, k) = (i, k) and (i, j) = (j, i).

The GnÕsare exactly the groupoids which we will needlater.

5.2. For a groupoid G and x - G(i, k), deÞnethe functor x : G # G asfollows:

a) kx = i and jx = j if j - Obj G%{ k} ;

b)

gx =






xgx if g - G(k, k),
xg if g - G(k, l) with l += k,
gx if g - G(j, k) with j += k,
g if g - G(j, l) with j, l += k.

Then the following statements hold:

c) gx = gx for any g - G;

d) if k += i then the imageof the functor x is the full subgroupoid G\ k of G with
Obj G\ k = Obj G % { k} (we use the notation G\ k instead of Gx, to emphasize
that this groupoid dependsonly on the target of x);

e) x restricts to the identit y on G\ k and to an equivalenceof categoriesG\ i # G\ k,
whoseinverseG\ k # G\ i is the corresponding restriction of x;

f ) for any x - G(i, k) and y - G(j, k), there exists a natural transformation
N : x # y such that N (k) = xy and N (l) = 1l if l += k.

5.3. Given a groupoid G and a braided monoidal categoryC, a Hopf G-algebra
in C is a family of objects H = { Hg} g∈G in C, equipped with the following families
of morphismsin C (here and in the sequelwe will often write g instead of Hg. In
particular we will usethe notations idg = idHg , ∞g,h = ∞Hg ,Hh , g∂ = Hg ∂ and ∂g = ∂Hg ;
moreover, basedon the MacLaneÕscoherenceresult for monoidal categories(p. 161
in [17]), we will omit the associativit y morphismssincethey canbe Þlledin a unique
way):

a comultiplication ' = { ' g : Hg # Hg " Hg} g∈G, such that for any g - G

(' g " idg) / ' g = (idg " ' g) / ' g; (a1)

a counit ≤ = { ≤g : Hg # 1} g∈G, such that for any g - G

(≤g " idg) / ' g = idg = (idg " ≤g) / ' g; (a2-20)
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a multiplication m = { mg,h : Hg " Hh # Hgh} g,h,gh∈G (mg,h is deÞnedwhen g and h
are composablein G), such that if f, g, h, fgh - G then

mfg,h / (mf,g " idh) = mf,gh / (idf " mg,h), (a3)

(mg,h " mg,h) / (idg " ∞g,h " idh) / (' g " ' h) = ' gh / mg,h, (a5)

≤gh / mg,h = ≤g " ≤h; (a6)

a unit η = { ηi : 1 # H1i } i∈Ob j G, such that if g - G(i, j) then

mg,1j / (idg " ηj) = idg = m1i ,g / (ηi " idg), (a4-40)

' 1i / ηi = ηi " ηi, (a7)

≤1i / ηi = id1; (a8)

an antip ode S = { Sg : Hg # Hg} g∈G and its inverseS = { Sg : Hg # Hg} g∈G, such
that if g - G(i, j) then

mg,g / (Sg " idg) / ' g = η1j / ≤g, (s1)

mg,g / (idg " Sg) / ' g = η1i / ≤g, (s10)

Sg / Sg = Sg / Sg = idg . (s2-20)

The deÞnition above is a straightforward generalizationof a categoricalgroup
Hopf algebragiven in [29]. Observe that an ordinary braided Hopf algebra in C is
a Hopf G = G1-algebra,whereG1 is the trivial groupoid with a singleobject and a
singlemorphism. In particular, H1i is a braided Hopf algebrain C for any i - Obj G.

5.4. Let C be a braided monoidal category and H = { Hg} g∈G be a Hopf G-
algebra in C. By a categorical left (resp. right ) cointegral of H we mean a family
l = { li : H1i # 1} i∈Ob j G of morphismsin C, such that for any i - Obj G

(id1i " li) / ' 1i = ηi / li : H1i # H1i

(resp. (li " id1i ) / ' 1i = ηi / li : H1i # H1i ).
(i1-10)

On the other hand, by categoricalright (resp. left) integral of H we meana family
L = { Lg : 1 # Hg} g∈G of morphismsin C, such that if g, h, gh - G then

mg,h / (Lg " idh) = Lgh / ≤h : Hh # Hgh

(resp.mg,h / (idg " Lh) = Lgh / ≤h : Hg # Hgh).
(i2-20)

If l (resp. L) is both right and left categoricalcointegral (integral) of H, we call it
simply a cointegral (integral) of H.

5.5. Given a groupoid G, let H(G) be the free braided monoidal categorywith
a Hopf G-algebraH = { Hg} g∈G in it and with a left cointegral l and a right integral
L of H, such that for any i - Obj G

li / L1i = id1 = li / S1i / L1i . (i3-30)

We refer to H(G) as the universal Hopf G-algebra. In particular, if C is any
braided monoidal category with a Hopf G-algebraA = { Ag} g∈G in it which has a
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left cointegral and a right integral satisfying the condition above, then there exists
a braided monoidal functor H(G) # C sendingHg to Ag.

Analogously to [13], H(G) can be described as a category of planar diagrams
in R 0 [0, 1]. The objects of H(G) are sequencesof points in R labeledby elements
in G, and the morphismsare iterated products and compositions of the elementary
diagramspresented in Figure 33, modulo the relations presented in Figures 34, 35,
36 and 37 and plane isotopieswhich preserve the y-coordinate. We remind that the
composition of diagramsD2 / D1 is obtained by stacking D2 on the top of D1 and
then rescaling,while the product D1 " D2 is given by the horizontal juxtaposition
of D1 and D2.
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ggh

Sg

g

g

L g

! i li

g g

g g
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= ! g =
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= =

=

=
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g h

h g

g h

h g

=

1i

1i

mg,h

"g

#g,h

g,h#S
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Figure 33. Elementary diagrams in H (G).
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Figure 34. Braid axioms for H (G).
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Figure 35. Bi-algebra axioms for H (G).
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Figure 36. Antipode axioms for H (G) (g - G(i, j )).
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ghgh

Figure 37. Integral axioms for H (G).

The planediagramsand the relationsbetweenthem listed above aregoingto be
our main tool, soit would be usefulto stop and reßect,trying to catch somegeneral
rules which would allow faster reading of the somewhatcomplicatedcompositions
which will appear later. The Þrst observation is that the planediagramsusedrepre-
sent projections of embeddedgraphsin R3 with uni-, bi- and tri-v alent verticesand
the projections of the edgesdo not contain local extremis. The verticescorrespond
to the deÞningmorphismsin the algebra,and often we will call them with the name
of the corresponding morphism. For examplethe bi-valent vertices(which have one
incomingand oneoutgoingedge)will alsobecalledantip odevertices.The uni-valent
verticesare divided in unit vertices(corresponding to η and ≤) and integral vertices
(corresponding to l and &).

The notation for the verticesreßectstheir interaction in the relations and later
their interpretation in terms of Kirb y tangles.In particular, the uni- and tri-v alent
verticesarerepresented by small triangleswhich may point up (positively polarized)
or down (negatively polarized). Then relations (a8) and (i3) can be summarized
by saying that two uni-valent vertices of opposite polarizations, connectedby an
edge,annihilate each other. Analogously, relations (a6), (a7), (i1) and (i2) can be
summarizedby saying that a uni-valent vertex connectedto a tri-v alent vertex of
opposite polarization, cancelsthis last one, creating two uni-valent vertices of the
samepolarization as its own.

Relations(a2) and (a4) canbeput togetheraswell, by saying that if a uni-valent
vertex is connectedto a tri-v alent vertex of the samepolarization, wecandeleteboth
vertices and the edgebetween them, fusing the remaining two edgesinto a single
one.But we point out that there are two other possibilitiesto connecta uni- and tri-
valent verticesof the samepolarization, which do not appear in the relations above.
Later, in Lemma5.6 (cf. Figure 41), we will seethat the diagrammatic languagecan
be generalizedto extendthe statement to thosetwo casesaswell, but a ÒcorrectionÓ
appears.

The remaining three relations (a1), (a3) and (a5) in Figure 35, concern the
diagrams in which two tri-v alent vertices are connectedby a single edge.Observe
that if the verticeshave the samepolarization, we can slide one through the other,
while if they have opposite polarization, the diagram splits as shown in (a5).
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The proofsof most of our theoremsrequire to show that somemorphismsin the
universal algebra are equivalent, meaning that the graph diagram of one of them
can be obtained from the graph diagram of the other by applying a sequenceof
the deÞningrelations (moves) in the algebra.We will outline the main stepsin this
procedureby drawing in sequencethe intermedatediagrams,and for each step we
will indicate in the corresponding order, the main moves neededto transform the
diagramon the left into the oneon the right. Actually, somestepscanbeunderstood
more easilyby starting from the diagram on the right and readingthe movesin the
reverseorder. Notice, that the movesrepresent equivalencesof diagramsand we use
the samenotation for them and their inverses.In the captions of the Þguresthe
readerwill Þnd (in squarebrackets) the referenceto the pageswhere those moves
aredeÞned.For example,in the Þrst step in Figure 38 we obtain the diagramon the
left from the oneon the right by Þrst applying moves(a1-3) in Figure 35 on p. 29,
then move (s1) in Figure 36 on p. 30 and Þnally moves(a2-40) in Figure 35 on p.
29. To be precise,beforeapplying (s1) and (a40), we usethe braid axiomsin Figure
34, but this in generalwill not be indicated.

g g
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g

gggg

g

g

g

gg g

(a5) (s1!)

(a2!)
(a7)

(a4)
(a4)

(a2)

(s1)
(a4!)

(a1)
(a3)

(a2)

(s1)
(a4!)

(a1)
(a3)

Figure 38. Proof of Lemma 5.6 [a/29, s/30].

In Figure 38 it is proved the Þrst of the following properties of the antip ode in
H(G), which hold for any g, h - G such that gh is deÞnedand for any i - G:

' g / Sg = (Sg " Sg) / ∞g,g / ' g : Hg # Hg " Hg, (s3)

Sgh / mg,h = mh,g / (Sh " Sg) / ∞g,h : Hg " Hh # Hhg, (s4)

S1i / ηi = ηi, (s5)

≤g / Sg = ≤g. (s6)

In terms of diagramstheserelations are presented in Figure 39. They are analo-
gousto the caseof braided and group Hopf algebras(see[13] and [29]) and the rest
of the proofs are left as an exercise.

g

(s5)

(s4)

g g

(s6)

(s3)

g1i

1i1i1i 1ihghggggg

g hggg h 1i

(i1′) (i2′)

gh gh

Figure 39. Properties of the antipode in H (G).
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Using theseproperties one immediately seesthat if l = { lj : H1j # 1} j∈Ob j G is
a left cointegral of H, then (cf. Figure 39):

l / S = { lj / S1j : H1j # 1} j∈Ob j G is a right cointegral of H. (i1 0)

Analogously, if L = { Lg : 1 # Hg} g∈G is a right integral of H, then (cf. Figure 39
again):

S / L = { Sg / Lg : 1 # Hg} g∈G is a left integral of H. (i2 0)

The next lemmaextendsLemma7 of [13]to possiblynon-unimodular categories.

Lemma 5.6. H(G) is an autonomouscategory such that for every g - G (cf.
Figure 41):

H∗
g = Hg,

&Hg = &g = ' g / Lg, (f1)

∏Hg = ∏g = lgg / mg,g / (idg " Sg). (f2)

Proof of Lemma 5.6. Figure 40 shows that &Hg and ∏Hg satisfy the relations
in Paragraph 3.2. Then it su"ces to observe that such relations propagate to &A

and ∏A for any object A in H(G), where &A and ∏A are deÞnedinductively by
the following identities (observe that the deÞnition is well-posed,giving equivalent
results for di!erent decompositionsA " B = A0 " B0):

(A " B)∗ = B∗ " A∗,

&A¶B = (idB# " &A " idB) / &B,

∏A¶B = ∏A / (idA " ∏B " idA# ). !

g

g

g

gggggg

gggggg

(a5)
(s4)
(s3)

(s3) (a1)
(a3)
(s1)

g g g g g

(a2) (a5)
(a4′)

g g g g g g

(a1)
(a3)
(s1′)

(i2)
(a2′) (i1′) (i3′)

(i2)
(i1) (i3)

(a4′)

Figure 40. Proof of Lemma 5.6 [a/29, i/30-31, s/30-31].

To simplify notations we will often write ∏g and &g instead of ∏Hg and &Hg .
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Lemma 5.6 implies that in the diagramsrepresenting the morphismsof H(G),
it is appropriate to usethe notations (f1) and (f2) in Figure 41 for the coform and
the form. In fact, the identities in Paragraph 3.2 reduceto the standard Òpulling
the stringÓ(relation (f3-30) in Figure 41), which together with the braid axioms in
Figure 34 realizeregular isotopy of strings.

g

g g g

gg g

g

def def
g g

g gg

g

(f1) (f3 ′)(f2) (f3)
=Λg =λg

Figure 41. Coform and form in H (G).

Let Mor(A,B) denote the set of morphismsA # B in H(G). Then we deÞne
the ÒrotationÓmap

rot : Mor(Hg " A,B " Hh) # Mor(A " Hh, Hg " B)

by the equation

rot(F ) = (idHg¶B " ∏h) / (idg " F " idh) / (&g " idA¶Hh ).

The following lemma shows that the negatively polarized tri-v alent verticesare
invariant under such rotation, while for the positively polarized tri-v alent vertices
this is equivalent to applying the antip ode on the outgoing edgeand its inverseon
the right incoming edge.

Lemma 5.7. If g, h, gh - G (g and h are composable)then (cf. Figure 42):

rot(' g) = ' g : Hg # Hg " Hg, (f4)

rot(mg,h) = Sg / mh,hg / (idg " Sgh) : Hh " Hgh # Hg. (f5)

Proof. SeeFigure 43. !

g g gh ghh h

g g g g g g

(f4) (f5)

Figure 42. Properties of coform and form in H (G).

gg g ghh ghh ghh

g g g g g g g g g

(a1) (a2)(f2) (f2)

Figure 43. Proof of Lemma 5.7 [a/29, f/33].
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5.8. A Hopf G-algebraH in a braidedmonoidalcategoryC is calledunimodular
if H hasS-invariant integral and cointegral, i.e.

Sg / Lg = Lg, (i4)

lg / Sg = lg. (i5)

1i

(i4)
g g g

(i5)

1i 1i

def def

O

1i 1i

1i 1i1i

1i

(i1) (i2) (i3)(i1!)

g g

(i2!)

hh

gh gh gh gh

Figure 44. Integral axioms for H u(G).

Given a groupoid G, let H u(G) be the quotient of H(G) modulo the relations
(i4) and (i5) presented in Figure 44. We refer to H u(G) asthe universalunimodular
Hopf G-algebra. Moreover, in H u(G) we changethe notation for the integral vertices
by connectingthe edgeto the middle point of the baseof the triangle, to reßectthat
the corresponding integral is two-sided(cf. the bottom line in Figure 44).

Using the integral axioms(i1)-(i5) and (a8) in Figure 35, it is easyto seethat
the uni-valent verticesof the samepolarization are dual to each other with respect
to the form/coform as shown in Figure 45.

ggg

ggg 1i 1i 1i

1i1i1i

Figure 45. Duality of uni-valent vertices with the same polarization in H u(G).

The next lemmais a versionof Lemma8 in [13],but for completenesswepresent
the proof.

Lemma 5.9. H u(G) is a tortile categorywherefor any g - G (cf. Figure 46):

θHg = Sg / Sg, (f6-60)

(idg " Sg) / &g = (Sg " idg) / &g, (f7)

∏g / (idg " Sg) = ∏g / (Sg " idg). (f8)

Proof. DeÞneθA = (∏A# " idA) / (idA# " ∞A,A) / (&A " idA) for any object A in
H u(G) (cf. Paragraph 3.2). In particular, θg is represented by the diagram on the
left in move (f6) in Figure 46. This deÞnition guarantees that θ1 = id1 and that
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g

ggg

gggg g g

ggg g

(f6 !)(f6) (f7) (f8)

Figure 46. Additional properties of coform and form in H u(G).

the identit y θA¶B = ∞B,A / (θB " θA) / ∞A,B holds, up to isotopy moves,for any two
objects A,B in H u(G). Therefore,in order to seethat θ makesH u(G) into a tortile
category, it is enoughto show its naturalit y and that θA# = (θA)∗ for any A.

gg

g g

Figure 47.

We will Þrst prove the last identit y. Actually, through an induction argument,
one can easily seethat if this identit y is true for A = Hg, then it is true for any
other object A in H(G). As it is shown in Figure 47, the diagram on the right of
move (f60) in Figure 46 coincideswith (θg)∗ up to isotopy moves.In particular, the
identit y for A = Hg would follow if we show (f6) and (f60). Now, in Figure 48 we
prove moves (f6) and (f7). Then move (f60) follows by applying (f6) and (f7) to
right diagram in Figure 47.

(s4)

gggg

gggg

g g gg ggg g

(s3)
(s2) (s2 )

g g g g

(f1)
(f2)

(f1)
(f2)

(f1) (f1) (f6)
(i4)

(i5)

Figure 48. Proof of Lemma 5.9 [f/33, s/31-30].

It is left to show the naturalit y of θ, i.e. that for any morphism F : A # B in
H u(G) one has θB / F = F / θA. Actually, using the fact that θA¶B = ∞B,A / (θB "
θA) / ∞A,B and isotopy moves,oneseesthat it is enoughto show this identit y when
F is any elementary morphismand in this caseit follows from (f6), (s3-6) in Figure
39 and (i4-5) in Figure 44.

To complete the proof of the theorem, observe that move (f8) in Figure 46
follows from (f7) and the properties (f3-30) of the form and coform presented in
Figure 41. !
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6. The uni versal ri bb on Ho pf algebra H r (G)

6.1. Let C be a braided monoidal category and (A,mA, ηA, ' A, ≤A, SA) and
(B,mB, ηB, ' B, ≤B, SB) be Hopf algebras in it (over the trivial groupoid). Then
a morphism σA,B : 1 # A " B is called a Hopf copairing if the following conditions
are satisÞed:

(' A " idB) / σA,B = (idA¶A " mB) / (idA " σA,B " idB) / σA,B,

(idA " ' B) / σA,B = (mA " idB¶B) / (idA " σA,B " idB) / σA,B,

(≤A " idB) / σA,B = ηB and (idA " ≤B) / σA,B = ηA.

The Hopf copairing σA,B is called trivial if σA,B = ηA " ηB.

6.2. A unimodular Hopf G-algebraH in a braidedmonoidalcategoryC is called
ribbon if there existsa family v = { vg : Hg # Hg} g∈G of invertible morphismsin C,
called ribbon morphisms, such that:

≤g / vg = ≤g (≤-invariance), (r2)

vg / Lg = Lg (L-invariance), (r3)

Sg / vg = vg / Sg (S-invariance), (r4)

mg,h / (vg " idh) = vgh / mg,h = mg,h / (idg " vh) (centralit y), (r5-50)

∞g,h / (idg " vh) = (vh " idh) / ∞g,h, (b3)

∞g,h / (idg " vh) = (vh " idh) / ∞g,h; (b4)

moreover, the family σ = { σi,j : 1 # H1i " H1j } i,j∈Ob j G of morphisms,deÞnedby
the identit y

σi,j =
Ω

(v−1
1j

" (v−1
1j

/ S1j )) / ' 1j / v1j / ηj if i = j,
ηi " ηj if i += j,

(r6-7)

satisÞesthe following properties:

σi,j is a Hopf copairing for any i, j - Obj G (r8-80-9-90)

' g / v−1
g = µg,g / (v−1

g " v−1
g ) / ∞g,g / ' g : Hg # Hg " Hg, (r10)

(m1j ,h " mg,1i ) / (S1j " (µh,g / ∞g,h / µg,h) " S1i ) / (ρl
g,j " ρr

h,i) =

= ∞g,h : Hg " Hh # Hh " Hg,
(r11)

wheregg = 1i, hh = 1j and:

ρr
g,j = (mg,1i " id1j ) / (idg " σi,j) : Hg # Hg " H1j ,

ρl
h,i = (id1i " m1j ,h) / (σi,j " idh) : Hh # H1i " Hh,

µg,h = (mg,1i " m1j ,h) / (idg " σi,j " idh) : Hg " Hh # Hg " Hh.

It is easyto check that ρr
g,j (resp.ρl

g,j) makeHg into a right (resp.left) H1j -comodule.
We will refer to the morphismsσi,jÕsas copairing morphismsor simply copairings.
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6.3. Givena groupoid G, let H r(G) bethe freebraidedmonoidalcategorywith a
ribbon Hopf G-algebraH. Werefer to H r(G) asthe universalribbon Hopf G-algebra.
H r(G) hasthe sameobjectsasH(G) and its morphismsareiterated compositionsand
products of the elementary morphismspresented in Figures33 and 49, modulo the
relationspresented in Figures34 (wherenow D canbe alsoa ribbon morphism), 35,
36,44and the additional relationspresented in Figures50and 51,which expressthe
ribbon axioms(r6)Ð(r11) in 6.2.Look at Figure 52for the diagramaticpresentations
of the morphismsρr

g,j, ρl
h,i, µg,h (herewe alsopresent the morphismµ−1

g,h deÞnedand
shown to be the inverseof µg,h in Proposition 6.5).

vn
g = v! n

g = ! n =

1i 1j

g

n

g

g g

σi,j

Figure 49. Additional elementary diagrams in H r(G).

hg

gh

hg

gh

hg

gh

n

n

n+ m

n

g

gg

g

gg

n

g

gg gg

m

g

gg

n

n

g g

n

gg

n (r5!)(r1) (r2) (r3) (r4) (r5)

! !

Figure 50. Additional axioms for H r(G) – I.

! 1! 1

1

1j1j1i 1i 1i 1i

def

1i 1i

def

(r6) (r7)

1i 1i 1i 1i 1i 1i 1i 1i 1i 1i 1i 1i

(r8) (r8 !)

"

1i 1i 1i

(r9) (r9 !)

" "

! 1 ! 1

! 1

g g

gggg

(r10)

hg

h g

h

h g

g

(r11)

Figure 51. Additional axioms for H r(G) – II (i += j ).

We make here few useful observations about the axioms of the ribbon algebra
and their diagramatic interpretation:
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gg h

h

h

h gg

g h

hg

= = = =! l
h,i! r

g,j

1i1j

µg,h µ! 1
g,h

Figure 52.

a) In the diagramsvn
g is interpreted as weight of an edge.Then relations (r2) and

(r3) say that the weight of an edgeattached to a negatively polarizeduni-valent
vertex can be changedarbitrarily , while (r5-50) imply that the weight of oneof
the edgesattached to a positevely polarizedtri-v alent vertex can be transferred
to any other edgeattached at that vertex.

b) In Figure 51, the relations (r8-80) and (r9-90) expressingthe fact that σi,j is a
Hopf copairing, are shown only for i = j, sincefor i += j the copairing is trivial
and they follow from the rest of the axioms.

c) For somecombinations of the labels, moves (r10) and (r11) simplify because
trivial copairingsappear. In particular, move (r11) reducesto a crossingchange
when g - G(i, j) and h - G(k, l) with { i, j} * { k, l} = +O.

d) An interesting and important question is which of the axioms for v and σ in
6.2 are independent. In particular, the relations (r3), (r5 0), (r8 0) and (r9-90)
(marked with a star below the arrow), are consequencesof the rest and have
beenlisted as axioms only for convenience.In fact: (r3) can be obtained from
(r2) by using (r5) and the duality of the negative uni-valent vertices (Figure
45); (r9-90) immediately follow from the deÞnition (r6-7) of the copairing, and
the properties (a2-20), (s5-6) and (r2) (Figures 35 and 39); (r5 0) can be shown
to be equivalent to (r5) by usingproperty (s4) of the antip ode (Figure 39). The
proof that (r8 0) derives from the rest of the axioms is presented in Appendix
(Section 11). On the other hand, it seemsunlikely that the relations (r10) and
(r11), the newoneswith respect to the relations in [13],are consequencesof the
rest, even if, as we will seelater, they can be presented in di!erent equivalent
forms (cf. Corollary 6.6).

Pr oposition 6.4. Any functor ϕ : G # G0 between groupoids which is in-
jective on the set of objects can be extendedto a functor ( ϕ : H r(G) # H r(G0).
Moreover, if ϕ is faithful (an embedding) then ( ϕ is also faithful.

In particular, when ∂ : G ' G0 is an inculsion of groupoids,we can identify H(G)
and ( ∂(H(G)) through the isomorphismof categories( ∂ : H (G) # ( ∂(H(G)) and
write H(G) ' H(G0).

Proof. The extension ( ϕ of ϕ is formally deÞnedas ( ϕ(mg,h) = mϕ(g),ϕ(h) ,
( ϕ(ηi) = ηϕ(i) , etc. To seethat ( ϕ is well deÞned,we needto check that all relations
for H r(G) aresatisÞedin the image.The only problemwe might have would be with
relation (r7) in Figure 51, if i += j and ϕ(i) = ϕ(j). But this cannot happen since
ϕ is injective on objects. This concludesthe Þrst part of the proposition sincethe
functorialit y of ( ϕ is obvious.

At this point, it is left to show that whenϕ is injective on the set of morphisms,
then ( ϕ is injective on morphismsas well. First of all, in this caseϕ inducesan
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isomorphism of categories bϕ : G &# Gϕ, where Gϕ = ϕ(G). Then by deÞnition,
( bϕ / ( bϕ" 1 and ( bϕ" 1 / ( bϕ are the identities; therefore ( bϕ : H (G) &# H(Gϕ) is an
isomorphismof categoriesas well. Moreover, ( ϕ = ( ∂ / ( bϕ where ∂ : Gϕ ' G0 is
the corresponding inclusion. Hence,the statement would follow if we show that the
functor ( ∂ is injective on the set of morphisms.

Now let F, F 0 : A # B be two morphsimsin H(Gϕ) such that ( ∂(F ) = ( ∂(F 0)
in H(G0); in particular, F and F 0 are represented by two diagrams labeled in Gϕ,
which are related by a sequenceof movesin H(G0). Observe that when we apply a
relation move to a diagram representing a morphism of H(G0), the only new labels
that can appear are identities of G0 and products of labels already occurring in it
or their inverses.SinceGϕ is a subcategoryof G0, this implies that the only labels
not belonging to Gϕ that can occur in the intermediate diagramsof the sequence
are identities 1i with i - Obj G0 %Obj Gϕ. The parts of the graph diagram carrying
such labels interact with the rest of the diagram only through move (r7) in Figure
51; in particular, if to any intermediate diagram we apply move (r7) to change
back any trivial copairing into two units, the part of the graph labeledby 1iÕswith
i - Obj G0 %Obj ϕ(G), forms a component, disjoint from the rest. By deleting such
component, we obtain a new sequenceof diagrams between F and F 0 related by
movesin H(Gϕ) which provesthat F = F 0 (in H(Gϕ)). !

Pr oposition 6.5. For every i, j - Obj G and g, h - G, we have (cf. Figure 53):

(S1i " idj) / σi,j = (idi " S1j ) / σi,j, (p1)

µg,h / µ−1
g,h = idg¶h = µ−1

g,h / µg,h, (p2-20)

with µ−1
g,h deÞnedby the following identit y, where we are assuminggg = 1i and

hh = 1j (cf. Figure 52):

µ−1
g,h = (mg,1i " m1j ,h) / (idg " (( id1i " S1j ) / σi,j) " idh) : Hg " Hh # Hg " Hh.

g g g

(p1) (p2) (p2 )!
1i 1j 1i 1j

h h h

h h hg g g

Figure 53. Some more relations in H r(G) – I.

Proof. (p2) is proved in Figure 54. The proof of (p20) is analogous.To prove
(p1) let us consider the morphism µ−1

g,h, which is the sameas µ−1
g,h but with the

antip ode moved to the left sideof σi,j:

µ−1
g,h = (mg,1i " m1j ,h) / (idg " ((S1i " id1j ) / σi,j) " idh) : Hg " Hh # Hg " Hh.

Then, by replacing(r8 0), (r9 0) and (s10) in Figure 54respectively with (r8), (r9) and
(s1), we obtain that (p2) and (p20) are still valid if µ−1

g,h is replacedby µ−1
g,h. Hence

µ−1
g,h and µ−1

g,h are equal,being both two-sidedinversesof µg,h. This gives(p1). !

– 39 –



hg g g gh h h

h h h hg g g g

(a3)
(r8 ′)

(a3)
(s1′)

(a9′)
-4′)(a4

Figure 54. Proof of relation (p2) in Figure 53 [a/29, r/37, s/30].

In Figures 55 and 56 we list somemore useful relations satisÞedin H r(G), but
in order not to make this section excessively technical, we collect their proofs in
Appendix (Section 11). We only point out that (p3-30), (p5-50) and (p10-100) Ð
(p12) follow directly from the deÞnition of σi,j and axioms (r1)Ð(r5 0), but do not
dependon the extra axiomsin Figure 51, in particular on the fact that σi,j is a Hopf
copairing. Observe also that (p1) in Figure 53 and the movesin Figure 55 allow us
to extend the notion of isotopy to H r(G). As it is shown in Appendix 11, they imply
that if a string connectingtwo polarizedvertices,is divided by a copairingmorphism,
this morphismscan be shifted anywherebetweenthosevertices.Therefore,we will

(p5) (p5!)
1i 1j1i 1j 1i 1j

(p3) (p4)1 1

ggg g

1 1

g g g g

Figure 55. Additional isotopy relations in H r(G).

g

g

1i1i gg gg

1 −1

1i 1i

1

(p11) (p12)

(p6) (p7)(p6!) (p7!)

g gg

−2

g gg

2

g

g g g g g

(p8) (p8!) (p9) (p9!)

g

−

g

2

g

g g g

g

2

g

g g g

gggg

1 1

gg

1 11

(p10) (p10!)

g g

Figure 56. Some more relations in H r(G) – II.
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say that two graph diagramsin H r(G) are isotopic or that oneof them is obtained
from the other through isotopy if it is obtained by applying a sequenceof moves
(b1-4) in Figure 34, (f3-30) in Figure 41, (f6) / (f60) and (f7-8) in Figure 46, (p1)
in Figure 53 and (p3-50) in Figure 55.

An immediate consequenceof Proposition 6.5 is the following.

Cor ollar y 6.6. The axiom (r10) can be replacedby either (r100), (r12) or
(r120) in Figure 57, while axiom (r11) can be replacedby (r110) in Figure 58.

g gg

−1

−1

−1

gg gg

gg

gg

1

gg

1 1

gg

1

11

(r12)(r10 ′) (r12 ′)

Figure 57. Equivalent presentations of (r10).

h h

h hg g

g g

(r11!)

Figure 58. Equivalent presentation of (r11).

Proof. The equivalencebetween(r10) and (r12) derivesfrom (s3) in Figure 39
after having composedboth sidesof (r10) on the bottom with vg. (r100) is obtained
from (r10) by composing both sideson the bottom with vg and on the top with
the invertible morphism ∞g,g / µ−1

g,g / (vg " vg). Analogously, (r120) is obtained from
(r12) by replacingg with g and composingboth sideson the bottom and on the top
respectively with the invertible morphismsSg / v−1

g and (Sg " Sg) / µ−1
g,g / (vg " vg).

To seethat (r11) and (r110) are equivalent, it su"ces to observe that the right
sidesof the two relations are inverseof each other by using (p2-20). !

6.7. As we have seenat page38 for move (r11), somerelations involving the
copairing simplify signiÞcantly for suitable choicesof the labeling, due to the fact
that σi,j is trivial if i += j.

gg
! 1 1

g g

g

g

g

def

g g g

(t1) (t2 ) (t3 )

Figure 59. Additional relations for Tg – I (g - G(i, j ), i += j ).
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In particular, for g - G(i, j) with i += j relation (p8) in Figure 56 implies that
Sg / v−1

g = Sg / vg and in this casewe deÞne(cf. Figure 59)

Tg = Sg / v−1
g = Sg / vg if g - G(i, j) with i += j. (t1-2)

Then we have
Tg / Tg = idg . (t3)

For any object A in H r(G), let VA : A # A∗ be the morphism in H r(G), deÞned
inductively by the following identities (the deÞnition is well-posed,giving equivalent
results for di!erent decompositionsA " B = A0 " B0):

V1 = id1 , VHg = vg and VA¶B = (VB " VA) / ∞A,B.

This morphism is obviously invertible and for any F : A # B we deÞne:

rev(F ) = V −1
B / F / VA.

Pr oposition 6.8. For any g - G(i, j) and h - G(j, k) with i += j += k += i, we
have (cf. Figure 60):

(Tg / Tg) / ' g / Tg = ' g = rev(' g); (t4-5)

rot(mg,h) = Tg / mh,gh / (idh " Tgh); (t6)

rev(mg,h) = Tgh / mh,g / (Th " Tg). (t7)

gggg

gg

g

(t4 )

gg

g

(t5 ) (t6 ) (t7 )
! 1! 1

1

gh ghh h h

g

gh g

ghgh
1

Figure 60. Additional relations for Tg – II (g - G(i, j ), h - G(j , k), i += j += k += i ).

Proof. (t4) and (t5) rewrite (r12) and (r10) (in Figures 57 and 51) when g -
G(i, j) with i += j, i.e. when σi,j is trivial. (t6) and (t7) rewrite (f5) and (s4) (in
Figures42 and 39), under the further assumptionthat h - G(j, k) and i += k += j. !

6.9. A ribbon Hopf G-algebra H in a braided monoidal category C is called
selfdual if

(li " id1i ) / σi,i = L1i = (id1i " li) / σi,i. (d1-10)

A selfdual ribbon Hopf G-algebraH is called boundary if

li / v1i / ηi = id1i = li / v−1
1i

/ ηi. (d2-20)

We deÞne@?H r(G) (resp.@H r(G)) to be the quotient categoryof H r(G) modulo
the relation (d1) presented in Figure 61 (resp. the relations (d1) and (d2) in the
sameÞgure).Wecall @?H r(G) (resp.@H r(G)) the universalselfdual(resp.boundary)
ribbon Hopf algebra.
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O

1i 1i1i
(d1) (d1!) (d2) (d2!)

1 ! 1
" "

Figure 61. Axioms for ! ?H r(G) and ! H r(G).

Actually (d10) and (d20) (marked with a star below the arrow) have beenlisted
asaxiomsonly for convenience.Indeed,(d10) followsfrom (d1) and (p5-50) in Figure
55, while (d20) follows from (d2) and the relation shown in Figure 62.

O
(p12)(a7) (a8)(r2)

(d1)

! 1

! 1

1

1
1

Figure 62. A relation in ! ?H r(G) [a/29, d/43, p/40].

As it was observed by Kerler in [13], the relation (d1) in Figure 61 implies the
nondegeneracyof the copairing and the duality of the multiplication and comul-
tiplication morphisms in @?H r(G). In particular, if one deÞnespairing morphisms
H1i " H1j # 1 as (d3) in Figure 63, then the relations (d4-40) and (d5) presented
in the sameÞgurecan be easily derived by using isotopy movesand move (r8 0) in
Figure 51.

(d3)

1i 1i1j 1j 1i

def

(d4!)(d4) (d5)

1i 1i 1i 1i

1i 1i 1i 1i 1i 1i 1i

Figure 63. Some more relations in ! ?H r(G).

7. From t he algebra t o t he general ized Ki rb y di agram s

7.1. Proof of Theorem 1.1. The braided monoidal functor # n : H r
n # Kn is

deÞnedby sendingH(i,j) to the ordered pair (i, j) of labeled intervals, while the
imagesof the elementary morphismsin H r

n are presented in Figure 64.
The readercancheck that the imagesof the form and the coform∏(i,j) and &(i,j)

are equivalent in Kn to the onespresented in Figure 65.
The proof of the theorem is an extensionof the well known fact that the cat-

egory of admissible tangles contains a braided Hopf algebra object (see [13, 8]).
In particular, here we work with the category of generalizedtangles, i.e. tangles
with dotted components and di!erent labels, and correspondingly a groupoid Hopf
algebra.Moreover we needto check the extra ribbon axiomsin 6.2.

Most of the Hopf algebraaxioms are very easyto check. For example(a2-20),
(a6) and (a8) in Figure 35 and (i2), (i3) in Figure 44 follow directly from the
deletion of 1/2-cancelingpairs (the bottom move in Figure 7). The sameis true for
(a1), (a3), (a4-40), (a7) and (i1-10), but oneneedsto make oneor two handleslides
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Figure 64. Definition of Φn : H r
n # Kn.

i j i j

i j i j(i, j ) (i, j )
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i
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! n ! n

Figure 65. Φn(" (i,j)) and Φn(Λ(i,j)).

beforedeleting. (s2-20) and (i4) reduceto an isotopy. (a5) in Figure 35 and (s1) in
Figure 36 are shown in Figures66 and 67 respectively ((s10) is analogous).

The ribbon axiom (r7) in Figure 51 follows from the last move in Figure 6,
which allows to change crossingsbetween components with di!erent labels. The

i k i k i k i k i k i k

i j i j i j j kj kj k

i
j

i
j

i
j

i
j

i
j

k
j

k
j

k
j

k
j

k
j

i
k

Figure 66. Proof of (a5) in Figure 35.
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i j i j i j

i
i j
j

i
j

i
j

i
j

j jj jj j

Figure 67. Proof of (s1) in Figure 36.

ribbon axioms (r2), (r3), (r9) and (r9 0) follow from the deletion of 1/2-canceling
pairs,while in showing (r1) and(r4) oneneedsto makea handleslidebeforedeleting.
The rest of the ribbon axiomsare shown in Figures68 to 72. !

i k i k i k

i j j k i j j k i j j k

i
j

i
j

i
j

i
jk

j
k
j

k
j

k
j

Figure 68. Proof of (r5-5!) in Figure 50.

i
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i i i i i i i i i i i i

Figure 69. Proof of (r6) in Figure 51.

i i i i i i i i i i i i i i i i i i

i
i i

i
i
i

Figure 70. Proof of (r8) in Figure 51.
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Figure 71. Proof of (r10) in Figure 51.
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Figure 72. Proof of (r11) in Figure 51.

Observe that under the functor # n, the relations (d1) and (d2) in Figure 61
translate directly in (a) and (b) in Figure 15.This leadsto the following proposition.

Pr oposition 7.2. # n inducesfunctors on the quotient categories

@?# n : @?H r
n # @?Kn and @# n : @H r

n # @Kn.

7.3. The restriction of # n to the set of complete closedmorphisms in H r
n is

surjective, and this will follow from Theorem 1.4, once it is proved. Nevertheless,
we sketch here the procedurewhich allows to Þnd the preimageunder # 1 of any
Kirb y diagram K - bK1. Obviously, this has a great practical value, sinceit allows
to calculate invariants of 4-dimensional2-handlebodies directly from their surgery
presentation.

Let K = ( jLj, where someof the LjÕsform a trivial link of dotted unknots
and the othersare framedknots. Considera planar diagram of K, wherethe dotted
components project trivially , in such a way that the crossingsareeither betweentwo
framedcomponents or betweenoneframedand onedotted component. By changing
a Þnitenumber of such crossings,say C1, . . . , Cl, onecanobtain a newKirb y diagram
K 0 = ( jL0

j which is trivial as a link. Without lossof generality, K 0 can be assumed
to coincidewith K outsideE1 ( . . . ( El, whereeach Ei is a cylinder projecting onto
a small circular neighborhood of Ci. One of such cylinders Ei, together with the
relative portions of the diagramsK and K 0, is depicted in Figure 73 (a) and (b),
wherej and k may or may not be distinct.

Now let D = ( jDj be a disjoint union of disks embeddedin R3 and bounded
by ( jL0

j. Embed in each Dj a connectedrooted uni/tri-v alent tree whoseuni-valent
vertices(di!eren t from the root) are the preimagesof the C 0

iÕsin L0
i, and the rest of

the tree lies in the interior of the disk. Then connectthrough a vertical (with respect
to the projection plane) edgeei the two preimagesof each crossingC 0

i (cf. Figure 73
(b)). Orient all edgesof the trees in such a way that if L0

j is a dotted component,
each tri-v alent vertex hasoneincomingand two outgoingedges,and if L0

j is a framed
component, each tri-v alent vertex has two incoming and oneoutgoing edge.In this
way oneobtains a graph embeddedin R3 whosebi-valent verticescorrespond to the
preimagesof C 0

i. Remove theseverticesfrom the graph. When the edgesof the trees,
attached to thesepreimages,are oriented in a consistent way as shown on the top
in Figure 73 (c), this inducesan orientation of the resulting edge.Otherwisedivide
this edgeby a singlebi-valent vertex as shown on the bottom in Figure 73 (c). In
this way oneobtains a graph G embeddedin R3 whosebi-valent verticesstay above
thosecrossingsC 0

i which involve two framed components.
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Figure 73.

At this point, considera closedregular neighborhood NG of G in R3 extending
the regular neighborhood E = ( iEi of the edgesei and such that J = NG * D is a
regular neighborhood of the trees in D. Let I = @D * J be the set of intervals in
which J intersectsthe boundary of the disksDj. Then the link

K 00 = (K * E) ( (@J %Int I) ,

is isotopic to K through an isotopy which restricts to a deformation retraction on
each Dj. Isotope further NG (inducing an isotopy of G and K 00) in such a way that G
is in regular position with respect to the projection plane,and in a neighborhood of
each root and tri-v alent vertex the projection of the edgeson the y-axis is increasing.
Then isotope K 00 in NG, to put it in regular position with respect to the projection
plane and transform its framing into blackboard framing. Finally, observe that, up
to isotopy and creationsof cancelingpairs of 1/2-handles,K 00 is composedby the
elementary diagramson the right in Figures64 and 69, wherethe bi-valent vertices
correspond to the imagesof the copairing morphism. An example(with blackboard
framing) is presented in Figure 74 where the crossingsCi are encircledby a small
gray disk.

! 1

! 1
1

1

1

1

! 1
! 1

Figure 74. Surjectivity of Φ1 on the set of closed morphisms.
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8. The reduct ion map

This section is dedicated to the proof of Theorem 1.2, i.e. given m < n, we
construct a bijective map . n

m : bH r,c
n # bH r,c

m such that . n
m / # n = # m / . n

m. In other
words, we realizein bH r,c

n (actually in bH r,c(G) for any G) the algorithm for reducing
the labels (0-handles)of a generalizedKirb y diagram described in 2.2.

According to the algorithm in 2.2, in order to cancel the n-th 0-handle in a
diagramK, oneÞrst separatesthe part of the diagramcontained in this 0-handleby
Òpullingit upÓ,and then slidesit over an 1-handleU of label x = (i0, n) with i0 += n.
As a result the labels in the diagram changefrom j to jx, where x : Gn # Gn−1

denotesthe functor constructedin Paragraph5.2; in particular, nx = i0 and jx = j
for any j += n. Eventually, one cancelsthe n-th 0-handle and U . The resulting
diagram KU - bKn−1 doesnot contain the label n.

Observe that KU can be thought asobtained from K through a sequenceof the
following local changes:

a) (if necessary)ßip over in the projection plane any dotted components of label
(i0, n) in such a way that the upper faceis labeledn;

b) changethe sign of all crossingsat which a component labeled n runs under a
component labeled i0;

c) changeall labels from j to jx;

d) cancelthe component U .

The modiÞcations a) and b) produce equivalent diagrams in bKn, while c) re-
places any label n with i0, producing this way a diagram in 3 x

K(K) - bKn−1.
Since 3 x

K(K) is obtained from K through local changeswhich depend on x, but
not on U , we may think of it as deÞninga map 3 x

K : Kn # Kn−1. Figure 75 shows
3 x
K(# n(' (i0,n) )), 3 x

K(# n(S(i0,n) )) and 3 x
K(# n(S(n,i0) )) (here we apply the move de-

scribed in Figure 32 to ßip the dotted components). Observe that 3 x
K respects the

monoidal structures of the two categories,a structure which is violated by d).

i0

i0 n

n

n

n

i0 ni0 n

i0

i0 i0i0

i0

i0i0 n

i0
n

i0 i0i0 i0 i0 i0

i0

i0

i0

i0

i0

n i0i0i0 i0 i0 i0

i0 n

! x
K ! x

K ! x
K

Figure 75. (x - G(i 0, n) with i 0 += n)

On the other hand, given a di!erent morphism y = (j0, n) with i0 += j0 += n,
3 x
K(K) and 3 y

K(K) may not be equivalent as diagramsin Kn−1 even if K is closed.
Indeed, if K is made out of a single 1-handleof label (n, n), then 3 x

K(K) consists
in a single 1-handleof index (i0, i0), while 3 y

K(K) consistsin a single 1-handleof
index (j0, j0). Those two cannot be related unlessit is present another 1-handleof
label yx = (j0, i0), when 3 x

K(K) can be slided over this 1-handleobtaining 3 y
K(K).

In particular, if K is a completemorphism in bK c
n and V is any dotted component

of K with label y = (j0, n), then KU can be transformedinto KV through 1-handle
slides(cf. Figure 10). Thereforethe reduction map . n

n−1K = KU is well deÞnedon
the subsetof closedcompletemorphisms.
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Now we want to mimic the above reduction procedure in H r(G) where G an
arbitrary groupoid. Notice that in this casethere is no natural order on Obj G, so
the indices i0 and n above will be replacedby two (possibly coinciding) objects
i0, k0 - Obj G.

Given x - G(i0, k0), we extend the functor x : G # G deÞnedin Paragraph5.2
to a map x : Obj H r(G) # Obj H r(G), by requiring that (A " B)x = Ax " Bx for
any A,B - Obj H r(G).

Our Þrst goal is to prove the following theorem, where G\ i denotes the full
subgroupoid of G with Obj G\ i = Obj G % { i} (cf. Paragraph 5.2) and H r(G\ i) '
H r(G) are the universal ribbon Hopf algebrasconstructed respectively on G\ i and
G, with the inclusion given by Proposition 6.4.

Theorem 8.1. Let Gbea groupoid. For any x - G(i0, k0) thereexistsa functor

3 x : H r(G) # H r(G)

which coincideswith x : Obj H r(G) # Obj H r(G) on the objects, such that:

a) givenany other y - G(j0, k0) and any object A in H r(G) thereexistsan invertible
morphism

ξx,y
A : Hyx " Ax # Hyx " Ay,

such that for any morphism F : A # B in H r(G) (cf. Figure 82):

ξx,y
B / (idyx " 3 x(F )) = (idyx " 3 y(F )) / ξx,y

A ; (q1)

b) 3 x restricts to the identit y on H r(G\ k0) and to an equivalenceof categories
3 x
| : H r(G\ i0) # H r(G\ k0) whoseinverseis 3 x

| : H r(G\ k0) # H r(G\ i0);

c) if i0 += k0 then 3 x(H r(G)) ' H r(G\ k0), hencewe have a retraction functor

3 x : H r(G) # H r(G\ k0).

Moreover, 3 x inducesfunctors on the quotient categories

@?3 x : @?H r(G) # @?H r(G) and @3 x : @H r(G) # @H r(G).

We observe that in general3 x and 3 y are not naturally equivalent, but a) can
be interpreted as a weaker versionof that.

In the next corollary weisolatetwo particular casesof (q1) which will berelevant
for our purposes.

Cor ollar y 8.2. For any x - G(i0, k0) and any morphism F : A # B in
H r(G), we have (cf. Figure 82):

ξ
1k0

,x
B / (idx " F ) = (idx " 3 x(F )) / ξ

1k0
,x

A , (q2)

ξx,x
B / (id1i 0

" 3 x(F )) = (id1i 0
" 3 x(F )) / ξx,x

A . (q3)

Definition of ξ. As it is clear from the discussionabove, ξ should be the
algebraicanalog of sliding over 1-handleor pushing through a dotted component.
The deÞnition itself is somewhatheavy and consistsin the following steps.Given
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x - G(i0, k0) and y - G(j0, k0), we deÞne≥x,y
A : Hyx " Ax # Ay for any object A in

H r(G) inductively by the following identities (cf. Figure 76) whereg - G(i, j):

≥x,y
Hg

= ≥x,y
g =






≤yx " idgx if i += k0 += j,

myx,gx if i = k0 += j,

mgx ,xy / (idgx " Syx) / ∞yx,gx if i += k0 = j,

myx,gx xy / (idyx " mgx ,xy) /
/ (idyx " (( idgx " Syx) / ∞yx,gx )) / (' yx " idgx ) if i = k0 = j;

(q4)

≥x,y
A¶Hg

= (≥x,y
A " ≥x,y

g ) / (idyx " ∞yx,Ax " idgx ) / (' yx " idAx ¶gx ). (q5)

=x y

gx gx

gy gy

yx yx yx yx

if i = k0
if j = k0

gx
1 gx

1gx
2 gx

2gx
r gx

r

gy
1 gy

1gy
2 gy

2gy
r gy

r

x y

x y x y x y

! x,y
g ! x,y

A=
(q4)

def

(q5)

def

Figure 76. (x - G(i 0, k0), y - G(j 0, k0), g - G(i, j ) and A = Hg1 " Hg2 " . . . " Hgr).

Pr oposition 8.3. If x - G(i0, k0), y - G(j0, k0) and z - G(l0, k0), then for any
object A in H r(G) we have (cf. Figure 77):

≥y,z
A / (idzy " ≥x,y

A ) = ≥x,z
A / (mzy,yx " idAx ) : Hzy " Hyx " HAx # HAz . (q6)

In particular, ≥1i ,1i
1i

:H1i " H1i # H1i makesH1i into a H1i-module for any i - Obj G.

zy zyyx yx

y z z

x y

(q6)

Ax

Az Az

Ax

x

Figure 77. (x - G(i 0, k0), y - G(j 0, k0) and z - G(l0, k0))

(a3)
(a5)
(s5)

gzgz

zy yx gx zy yx gx

gz

zy yx gx

Figure 78. Proof of (q6) when A = Hg with g - G(k0, k0) [a/29, s/31].
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yx

x y x y

zy yx

y z

x y

Ax

Az

Ax Ax

y z y z

zy

Az

y z y z

Az

Ax

y z y z

Az

zy yxzy yx zy yx

(a5)
(q5)
(q5)

(q6)
(q6) (q5)

Figure 79. Proof of (q6) – the inductive step [a/29, q/50-50]

Proof. First of all, let usconsiderthe specialcasewhenA = Hg with g - G(i, j).
If j += k0, the statement is equivalent to (a3) or (a6) in Figure 35. If j = k0 and
i += i0, it reducesto the antip ode property (s3) in Figure 39. Finally, the casewhen
i = j = k0 is shown in Figure 78. At this point, the generalcasefollows by the
inductive argument shown in Figure 79. !

Now we deÞnethe morphism ξx,y
A and its inverse(cf. Figure 80):

ξx,y
A = (idyx " ≥x,y

A ) / (' yx " idAx ) : Hyx " Ax # Hyx " Ay,

(ξx,y
A )−1 = (idyx " ≥y,x

A ) / ((( idyx " Syx) / ' yx) " idAy ).

yxyx

x y xy

Ax

AxAy

Ay

yx yx

==! x,y
A (! x,y

A )! 1

Figure 80.

The proof that (ξx,y
A )−1 / ξx,y

A = idyx " idAx is given in Figure 81. In a similar
way, using (s10) instead of (s1), onecan prove that ξx,y

A / (ξx,y
A )−1 = idyx " idAx .

(s1)

yx

x y

xy

Ax

Axyx

yx

x y

xy

Ax

Axyx

xx

yx Ax

Axyx

xx

yx Ax

Axyx

yx Ax

Axyx

(q6) (a2′)
(a7)
(s5)

(a4-4′)

Figure 81. Invertibility of #x,y
A [a/29, q/50, s/30-31].

With the notation introduced in Figure 80, the relations of Theorem 8.1 and
Corollary 8.2 look like in Figure 82.

We will needalso the morphisms

≥x,y
A = ≥x,y

A / ∞Ax ,yx : Ax " Hyx # Ay,

ξx,y
A = (≥x,y

A " idyx) / (idAx " ' yx) : Ax " Hyx # Ay " Hyx,
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yx

x y

Ax

yx

! y (F )

yx

x y

Ax

yx

! x (F )

A

! x (F )x

A

x x

x x

F
x x

Ax

! x (F )x x

Ax

! x (F )

B y B x B x B x B xB y

1

1i 0 1i 0

1i 0 1i 0

(q1) (q3)(q2)k0

x1k0

Figure 82. (x - G(i 0, k0), y - G(j 0, k0), F : A # B )

which are obtained from ≥x,y
A and ξx,y

A by simply ÒpullingÓthe string labeled yx to
the right as shown in Figure 83. ξx,y

A is invertible with

(ξx,y
A )−1 = (≥y,x

A " idyx) / (idAy " ((Syx " idyx) / ' yx)) ,

as shown in Figure 83.

==ζx,y
A ξx,y

A= (ξx,y
A )−1

x y x y xy

yx yxAx

Ay

Ax

Ay yx

yx

Ax

Ay

yx

Figure 83.

In order to seethat ≥x,y
A andξx,y

A arethe algebraicanalogof sliding over 1-handles,
in Figure 84 we represent the image# n(≥x,y

g¶h) in Kn when x = (i0, k0), y = (j0, k0),
g = (k0, k0) and h = (k0, i) with i += k0 are morphismsin Gn. It should be obvious
now that in terms of Kirb y diagrams,≥x,y

A correspondsto a dotted component U of
label yx = (j0, i0) embracing all framed strings of label kx

0 = i0 and transforming
theselabels into ky

0 = j0. The readercan seethat # n(ξx,y
A ) is the same,but there is

an extra framed arc passingthrough U , which is a reßectedimageof the left most
oneof labels (i0, j0) with respect to a horizontal diameter of U .

Now we can interpret (q2) and (q3) in Figure 82 in terms of Kirb y tangles.
In particular, (q2) implies that 3 x

K(F ) is obtained from F by pushing up the part
contained in the k0Õth0-handle through a dotted component of label x = (i0, k0),
changingthis way the index k0 to i0. On the other hand, (q3) statesthat if we have

x y

gx gx

gy gy

yx yx

=
Φn

hx hx

hy hy
ij0j0 j0j0j0 ij0

j0

j0

i0 j0 i0i0 i0 i0 i0i0

i0

i i0 i

i
i0

i0

i0
j0

i0

i0

i0

i
i0

Figure 84. Φn($x,y
g" h) for x = (i 0, k0), y = (j 0, k0), g = (k0, k0), h = (k0, i ), i += k0.
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alreadydonethis, the samepart canbepushedthrough a dotted component of label
(i0, i0) without further changes.

Definition of 3 x. Let x - G(i0, k0) asabove.For i0 = k0 wedeÞne3 x to bethe
formal extensionof x to H r(G), in the sensethat 3 x(' g) = ' gx , 3 x(∞g,h) = ∞gx ,hx ,
3 x(Sg) = Sgx and so on.

However, when i0 += k0 such formal extensionwould run into problems.In fact
the copairingσi,j is deÞnedto be trivial if i += j, sothe axiom (r7) in Figure 51would
not be satisÞedin the imageif ix = jx. Thus we needto make somecorrectionsin
order to have a functor. Being 3 x the algebraicanalog of 3 x

K, the nature of these
correctionscan be understood by reviewing the deÞnition of 3 x

K and Figure 75.
Namely, for i0 += k0 we deÞne3 x : H r(G) # H r(G) by putting, for any i - Obj G

and any g, h - G (assumedto be composablein G when dealingwith mg,h):

3 x(' g) =
Ω

µ−1
gx ,gx / ' gx if g - G(i0, k0),

' gx otherwise;

3 x(∞g,h) =






∞gx,hx if g - G(k0, k0),

(≥x,x
h " idgx ) / (idhx " ρl

gx,i0) / ∞gx,hx if g - G(i, k0), i += k0,

∞gx,hx / (idgx " ≥x,x
h ) /

/ (idgx " S1i 0
" idhx ) / (ρr

gx,i0 " idhx ) if g - G(k0, j), j += k0,

(≥x,x
h " idgx ) / (idhx " ρl

gx,i0) / ∞gx,hx /
/ (idgx " ≥x,x

h ) / (idgx " S1i 0
" idhx ) / (ρr

gx,i0 " idhx ) otherwise;

3 x(∞g,h) =






∞gx,hx if h - G(k0, k0),

(idhx " ≥x,x
g ) / (ρr

hx,i0 " idgx ) / ∞gx,hx if h - G(k0, l), l += k0,

∞gx,hx / (≥x,x
g " idhx ) /

/ (idgx " S1i 0
" idhx ) / (idgx " ρl

hx,i0) if h - G(k, k0), k += k0,

(idhx " ≥x,x
g ) / (ρr

hx,i0 " idgx ) / ∞gx,hx /
/ (≥x,x

g " idhx ) / (idgx " S1i 0
" idhx ) / (idgx " ρl

hx,i0) otherwise;

3 x(Sg) =
Ω

Sgx v2
gx if g - G(i0, k0),

Sgx otherwise;

3 x(Sg) =
Ω

Sgx v−2
gx if g - G(k0, i0),

Sgx otherwise;

3 x(ηi) = ηix ; 3 x(≤g) = ≤gx ;

3 x(li) = lix ; 3 x(Lg) = Lgx ;

3 x(mg,h) = mgx,hx ; 3 x(vg) = vgx ;

3 x(σi,j) =
Ω

σix,jx if { i, j} += { i0, k0} ,

ηi0 " ηi0 otherwise.

3 x(' g), 3 x(∞g,h) and 3 x(∞g,h) are presented in Figures 85 and 86. Moreover,
up to equivalencein H r(G), one can seethat 3 x(∞g,A) and 3 x(∞A,h) are given by
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the sameexpressionsfor any object A in H r(G) (cf. Figure 87). The proof of this
statement for 3 x(∞g,A) with A = h1 " h2 in the casewheng - G(i, j) with i += k0 and
j += k0 is illustrated in Figure 88. The other casesare simpler and the generalization
to an arbitrary A is straightforward. The proof for 3 x(∞A,h) is similar.

−1−1

1

if i
and j

= i 0

gx gxg

gxgg gx gx gx

= k0

"x

(r12′)

Figure 85. 3 x(∆g) when x - G(i 0, k0) with k0 += i 0 (g - G(i, j )) [r/41].
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l
= i0

and
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if i if
l
= i0
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j

if
k
= i0

and
i if = i0j

if
land

i

if
kand

i

if
and

j

if
kand

j

(s3)

gx

gx gx

gxg h

gx

gx gx

gxgh

! x

! x

hx

hx hx

hx

hx

hx hx

hx

= k0
= k0

= k0

(r8)
(r8!)

(s3)

(r8)
(r8!)

g h

gh
= k0

kand = k0

= i0
= k0

l = i0

= k0

= i0

= k0

= i0

(p5)

(p5!)

"= k0

j "= k0if

if l "= k0

"= k0if k

x x

x x

x x

x x

Figure 86. 3 x(%g,h) and 3 x(%g,h) when x - G(i 0, k0) with k0 += i 0 (g - G(i, j )
and h - G(k, l)) [p/40, r/37, s/31].

AA

AA

g

g

!x !x

Ax

Ax

x x

x x

hh

h

x

"= k0if k

hx

if l "= k0
Ax

Ax

gx

gx

x x

x x

if i "= k0

j "= k0if

Figure 87. 3 x(%g,A) and 3 x(%A,h) when x - G(i 0, k0) with k0 += i 0 (g - G(i, j )
and h - G(k, l)).
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(s4)

gx gx gx

gxhx
1 hx

1

hx
1

hx
2 gxhx

1 hx
2

hx
2 hx

2 hx
1 hx

2

(r8)
(r8!)

hx
1

hx
2 gx

x x

x x
x x

x x

x x

x x

x x

x x

x x

(q5)
(q5)

Figure 88. (x - G(i 0, k0), k0 += i 0, g - G(i, j ), i += k0, j += k0) [q/50, r/37, s/31].

Proof of Theorem 8.1. First of all we prove that (q1) in a) holds for any x -
G(i0, k0), y - G(j0, k0) and any elementary morphismF : A # B, with ξx,y

A and ξx,y
B

deÞnedas above. More precisely, we will prove the identit y

≥x,y
B / (idyx " 3 x(F )) = 3 y(F ) / ≥x,y

A , (q10)

which, by composingwith ' yx " idAx , implies (q1).
Notice that if F is invertible then the relation (q10) for F−1 follows from the one

for F , oncewe know that 3 x(F−1) is the inverseof 3 x(F ). It can be easily veriÞed
that this is true when F is ∞g,h and Sg, by using (p2-20) in Figure 53 and (q6)
in Figure 77. Moreover, sincethe relations (r6) and (r7) in Figure 51 are trivially
satisÞedin the image,the identit y (q10) for σi,j follows from the onesfor the other
elementary morphisms.Therefore, it su"ces to prove that (q10) holds for F = η1i ,
l1i , ' g, Sg, ≤g, Lg, vg, mg,h, ∞g,h.

F = ηi, li. If i += k0 there is nothing to prove, being ξx,y
1i

trivial and 3 x(F ) =
3 y(F ) = F . The casewhen i = k0 is shown in Figure 89.

(s4)(s1)

yxyx yxyxyxyx

(f7)
(i5)(s1!)

(a4)

1i0 1i0 1i0 1i0

1j01j0

Figure 89. Proof of (q1!) for F = &k0 and F = lk0 (x - G(i 0, k0) and
y - G(j 0, k0)) [a/29, i/34, f/35, s/30-31].

F = ' g. If g - G(i, j) with i, j += k0 there is nothing to prove, being ξx,y
g trivial. For

g - G(k0, j) with j += k0, the statement essentially reducesto the relation (a5)
in Figure 35. The proof for g - G(i, k0) with i += k0 is presented in Figure 90,
whereonecan seethat the last diagram is exactly 3 y(' g) / ≥x,y

g , by confronting
it with Figure 85 when i = i0, or applying (t4) in Figure 60 when i += i0. The
caseg - G(k0, k0) is shown in Figures91 and 92.
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gxyx

! 1! 1

gygy

1

! 1! 1

gy

1

gxyx

gy

(s4)
(r5 !)

! 1! 1

gy

1

gxyx

gy

(a5)

1

! 1 ! 1

gx

gygy

yx

(r5)
(s4)

Figure 90. Proof of (q1!) for F = ∆g with g - G(i, k0) and i += k0 (x - G(i 0, k0)
and y - G(j 0, k0)) [a/29, r/37, s/31].

gy

gxyx

(s3)

(a5)
(a5)

(! )

gy

yx yxgx gx

gygy gygy

yx gx

gy gy

yx gx

gy gy

(r10)

(s4)
(p10!)
(a1)

Figure 91. Proof of (q1!) for F = ∆g with g - G(k0, k0) (x - G(i 0, k0) and
y - G(j 0, k0)) [a/29, p/40, r/37, s/31, step (4) in Figure 92].

yx gx

gyxy

yx gx

gyxy

(q6)
(q6)

yx gx

gyxy

(r11)

yx gx

gyxy

(r8 ′)
(p5′)
(s4)

yx gx

gyxy

(p1)
(r8 ′)

Figure 92. Proof of step (4) in Figure 91 [p/39-40, q/50, r/37, s/31].

F = Sg. As above, there is nothing to prove for g - G(i, j) with i, j += k0. When
g - G(i, k0) or g - G(k0, j) with i, j += k0, the statement is equivalent to the
property (s4) of the antip ode in Figure 39 (seeFigure 93 for the former case).
Figure 94 addressesthe caseof g - G(k0, k0).

F = ≤g, Lg, vg. The statements follow respectively from (a6) in Figure 35, (i2-20) in
Figure 44 and (r5-50) in Figure 50.
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gxyx

2

gy

(t2 )

gxx

gy

gxyx

gy

2

gxyx

gy

(t2 )
(r5)
(s4)

if ifi != i0 i != j0

Figure 93. Proof of (q1!) for F = Sg with g - G(i, k0) and i += k0 (x - G(i 0, k0)
and y - G(j 0, k0)) [r/37, s/31, t/41].

(s4)
(r10′)

(a3)

(a3)(a3)

(a3)
(s4)
(s4)

gy gy gy gy gy

gxyx gx gx gx gxyx yx yx yx

(p10)

(p2)
(s4)

(p7)

gy gy gy gy

gx gx gx gxyx yx yx yx

(p2′)

(r11′)
(p8′)

(r5)
(r5 ′)

gy

gxyx

! 1

! 2

! 2

! 1

1

(p2′)
(s2′)

Figure 94. Proof of (q1!) for F = Sg with g - G(k0, k0) (x - G(i 0, k0) and
y - G(j 0, k0)) [a/29, p/39-40, r/37-41-41, s/31].

F = mg,h. SeeFigure 95 for the casein which g, h - G(k0, k0). The other casesare
simpler and anologous.

gxyx hx

(gh)y

yx gx hx

(gh)y

(a2)
(a4)
(s1)

(a3)

gxyx hx

(gh)y

gxyx hx

(gh)y

(a1)
(a3)

Figure 95. Proof of (q1!) for F = mg,h with g, h - G(k0, k0) (x - G(i 0, k0) and
y - G(j 0, k0)) [a/29, s/30,].
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F = ∞g,h. Let g - G(i, j) and h - G(k, l). We can transform the left side of (q10)
asshown in Figure 96. Now the idea is to changethe ÒwrongÓcrossingbetween
the edgeslabeledgx and yx, through move (r130) in Figure 58, and then usethe
copairingsthat appear to transform ∞yx,yx / ' yx into ' yx. This is doneseparately
for the four cases:i += k0 and j += k0 in Figures97 and 98; i = k0 and j += k0 in
Figure 99; i += k0 and j = k0 in Figure 100; i = k0 and j = k0 in Figure 101.

gx gxhx hx

x x

yx yx

gyhy hy

x yx y

x x

if i != k0

j != k0if

if i != k0

j != k0if

x yx y

(
(
q6)
q6)

gy

Figure 96. Proof of (q1!) for F = %g,h – I (g - G(i, j ), h - G(k, l), x - G(i 0, k0)
and y - G(j 0, k0)) [q/50].

gx hxyx

gyhy

gx hx

x y

gyhy

x y

gx hxyx yx

gyhy

hx

x y

gx

gyhy

y y

y y

x y

yx hxgx

gyhy

y y

y y

x y

y y

y y

hy gy

yx hxgx

x y

yx

(∗∗)(r11 ′) (q6)
(q6)

(s4)
(s4) (p1)

(p1)

(p5)
(f6 ′)

Figure 97. Proof of (q1!) for F = %g,h with g - G(i, j ), i += k0 and j += k0 – II
(h - G(k, l), x - G(i 0, k0) and y - G(j 0, k0)) [f/35, p/39-40, q/50, r/41, s/31, step
(44) follows from (q1!) for F = S and x, y = 1j0 (cf. Figure 98)].

gx gxyx yx

gy gy yx

! i,j0

! j,j0

gxyx

gy yx

! i,j0

! j,j0

! j0 ,j0

yx

1j01j0

(p1)
(a3)

(r8)

Figure 98. (g - G(i, j ), x - G(i 0, k0), y - G(j 0, k0), i += k0 and j += k0) [a/29,
p/39, r/37].
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gx hxyx gx hx
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yx

y y
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gx hx

x y

yx

y y

1 1

−1

x y

yx

gyhy gyhy gyhy gyhy

(r10) (p10)
(s4)

(r11 ′) (q6)
(f6)

gyhy

Figure 99. Proof of (q1!) for F = %g,h with g - G(k0, j ), j += k0 – II (h - G(k, l),
x - G(i 0, k0) and y - G(j 0, k0)) [f/35, p/40, q/50, r/37-41, s/31].

gx hxyx
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gyhy

gx hxyx
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gx hxyx
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gyhy
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gyhy hy gy

y y

gx hx

x y

yx

gyhy

(f6)
(s4)
(s4)

(s4)
(s4) (∗∗∗)

Figure 100. Proof of (q1!) for F = %g,h with g - G(i, k0), i += k0 – II (h - G(k, l),
x - G(i 0, k0) and y - G(j 0, k0)) [f/35, s/31, step (444) as in Figure 99].

x yx y

1 1

! 1
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x yx y
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(s4)
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gyhy

hx hx hx hx hxyx yx yx yx yxgx gx gx gx gx

gyhy gyhy

x yx y

gyhy
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Figure 101. Proof of (q1!) for F = %g,h with g - G(k0, k0) – II (h - G(k, l),
x - G(i 0, k0) and y - G(j 0, k0)) [f/35, p/40, q/50, r/37-41].
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At this point, having establishedproperty a) for F being an elementary mor-
phism, we are ready to show that 3 x is a functor, i.e. it preservesall the relations
betweenthe elementary morphismsin H r(G) presented in Figures34, 35, 36, 44, 50
and 51. This is trivially true when x - G(k0, k0). Hence,we focuson the casewhen
x - G(i0, k0), i0 += k0.

We start with the isotopy movesin Figure 34.As it wasalreadyobserved,moves
(b1-10) follow from (p2-20) in Figure 53 and (q6) in Figure 77.

Moves(b3) and(b4) in Figure 34needto beshown only whenD is an elementary
morphism F : A # B. In this case,accordingto Figure 87, the statement follows
from the identit y ≥x,x

B / (idxx " 3 x(F )) = 3 x(F ) / ≥x,x
A , which is equivalent to the

specialization of the relation (q10) proved above for y = x.
We continue with the bi-algebraaxiomspresented in Figure 35. The only non-

trivial onesare (a1), (a2) and (a5) when g or h are in G(i0, k0). In this case,(a1)
and (a2) follow directly from the fact that 3 x(' g) = (Tgx " Tgx ) / ' gx / T−1

gx (cf.
the deÞnition of T in Paragraph6.7 and the presentation of 3 x(' g) in Figure 85).
The proof of (a5) for g - G(i0, k0) and h - G(k0, k0) is presented in Figure 102.The
proofs for di!erent choicesof g and h are simpler or analogous.

gxhx

(a3)
(p2)

hxgx gx gx

gxhx gxhx gxhx gxhxgxhx

hx hx

(a5)

Figure 102. 3 x preserves (a5) when g - G(i 0, k0) and h - G(k0, k0) (x - G(i 0, k0))
[a/29,p/39].

From the antip ode axioms in Figure 36 the only non-trivial onesare (s1) and
(s10) for g - G(i0, k0). Figure 103proves(s1) in this case,while the proof of (s10) is
obtainedby reßectingall the diagramsin the sameÞgurewith respect to the y-axis.

gxgx gxgx gxgx gxgx

(p2)(p9)

2

gx gx gx gx

(s1)

Figure 103. 3 x preserves (s1) when g - G(i 0, k0) (x - G(i 0, k0)) [p/39-40, s/30].

The integral axioms in Figure 44 are trivially preserved because3 x(mg,h) =
mgx ,hx and 3 x(' 1i ) = ' 1x

i
.

– 60 –



Also the axioms of the ribbon structure in Figure 50 are trivially preserved,
while the only non-trivial onesfrom Figure 51 are (r10) when g - G(i0, k0) and
(r11) with g - G(i, j) and h - G(k, l) such that someof i, j areequalto k0 and some
of k, l are equal to i0 or vice versa.Figure 104 dealswith the above metionedcase
of (r10). Someof the casesof (r11) are presented in Figure 105 (cf. the expression
for 3 x(σi,j) on page53) and the rest are analogous.This concludesthe proof of the
functorialit y of 3 x. Moreover, the functorialit y together with the fact that a) holds
for F being an elementary morphism, imply a) for any other morphism F .

Propertiesb) and c) derive from the deÞnitionof 3 x; in particular, from the fact
that 3 x coincideswith the formal extensionof x on the elementary morphismsof
H r(G) which do not involve i0 or k0 (seeright side of Figure 86 for the crossings),
taking into account 5.2 e).

Finally, the last part of the theorem follows from the fact that the additional
relations deÞningthe quotient categories@?H r(G) and @H r(G) involve only mor-
phismsin H1i for i - Obj G. !

gx gx gx gx

gx gx gx gx gx gx gx gx

−1

−1−1

(p2)(p2 ′)(r10)

−1−1−1−1

Figure 104. 3 x preserves (r10) when g - G(i 0, k0) (x - G(i 0, k0)) [p/39, r/37].

i = j and k = l i = j and k = l

i = k and j = l i = k and j = l

(r11!)

(p2!)

= k0

gx

gx gx

gx gx gxhx

hx hx

hx hx hx

gx

gx gx

gx gx gxhx

hx hx

hx hx hx

(r11)

gx hx

gxhx

gx hx

gxhx

(r11!)
(p2)

(r11!)

= i0 = k0

= k0

= i0

= k0 = i0 = i0

Figure 105. 3 x preserves (r11) (g - G(i, j ), h - G(k, l), x - G(i 0, k0)) [p/39,
r/37-41].
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Notice that, given any x - G(i0, k0) and y - G(j0, l0) with i0 += k0 += l0 += j0,
both compositionsof functors 3 yx

/ 3 x and 3 xy
/ 3 y retract H r(G) to the subcategory

H r(G\ k0 \ l0) = H r(G\ l0 \ k0), provided that i0 += l0 or j0 += k0 (if i0 = l0 and j0 = k0

onehasyx - G(l0, l0) and xy - G(k0, k0)).
The next proposition assertsthat thesetwo retractions arenaturally equivalent.

Since we will focus later on closedmorphisms, this fact will not be used in the
present work. Nevertheless,we include it for its signiÞcance,and also in view of a
possibleextensionof what follows to non-closedmorphisms.

Pr oposition 8.4. Given i0 += k0 += l0 += j0 in Obj G, such that either i0 += l0
or j0 += k0, and morphismsx - G(i0, k0) and y - G(j0, l0), there exists a natural
transformation ∫x,y : 3 xy

/ 3 y # 3 yx
/ 3 x. In particular, for any morphismF : A # B

in H r(G), we have the following commutativ e diagram:

.

(Ax)yx

(B x)yx

(Ay)xy

(B y)xy

!y x(!x (F )) !x y(!y (F ))

! x,y
A

! x,y
B

Proof. Let x and y be as in the statement. To simplify the notation we put
3 y,x = 3 yx

/ 3 x and 3 x,y = 3 xy
/ 3 y. Given any object A in H r(G), it is easyto

check that 3 y,x(A) = (Ax)yx
= (Ay)xy

= 3 x,y(A), and we denotethis imageby A0.
In particular, we have H 0

x = H1y
i 0

and H 0
y = H1x

j 0
.

We deÞnethe morphism ∫x,y
A : A0 # A0 as follows:

∫x,y
A = (≤1y

i 0
" ≤1x

j 0
" idA! ) / 3 y,x() A / * −1

A ) / (η1y
i 0 " η1x

j 0 " idA! ),

where* A : Hx " Hy " A # Hx " Hy " A0 and ) A : Hx " Hy " A # Hx " Hy " A0

are the invertible morphismsgiven by

* A = ((ξ
1i 0 ,x
yx )−1 " idA! ) / (idx " ξ

1x
j 0

,yx

Ax ) / ξ
1i 0 ,x
Hy ¶A,

) A = ((∞x,y / (ξ
1j 0 ,y
xy )−1) " idA! ) / (idy " ξ

1y
i 0

,xy

Ay ) / ξ
1j 0 ,y
Hx ¶A / (∞x,y " idA).

Then, for any morphism F : A # B in H r(G), the relation (q2) implies that

* B / (idx " idy " F ) = (idx " idy " 3 y,x(F )) / * A,

) B / (idx " idy " F ) = (idx " idy " 3 x,y(F )) / ) A.

From the former equality, it also follows that

* −1
B / (idx " idy " 3 y,x(F )) = (idx " idy " F ) / * −1

A .

Summingup, we have

) B / * −1
B / (idx " idy " 3 y,x(F )) = (idx " idy " 3 x,y(F )) / ) A / * −1

A .

By applying 3 y,x to both the membersof this identit y in H r(G), weget the following
identit y in H r(G\ k0 \ l0):

3 y,x() B / * −1
B ) / (id1y

i 0
" id1x

j 0
" 3 y,x(F )) = (id1y

i 0
" id1x

j 0
" 3 x,y(F )) / 3 y,x() A / * −1

A ),
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where we have used the fact that 3 y,x / 3 y,x = 3 y,x and 3 y,x / 3 x,y = 3 x,y (cf.
Theorem8.1 b) and c)).

Finally, we composewith ≤1y
i 0

" ≤1x
j 0

" idB! on the left and with η1y
i 0

" η1x
j 0

" idA!

on the right, to obtain the desiredidentit y: ∫x,y
B / 3 y,x(F ) = 3 x,y(F ) / ∫x,y

A . !

Now we proceed with the main result of this section, namely Theorem 8.6,
which is a reformulation of the Þrst part of Theorem1.2, concerningreduction and
stabilization maps,in the generalcontext of the ribbon Hopf algebrasH r(G), where
G is an arbitrary (Þnitely generated)connectedgroupoid G (cf. Paragraph5.1). But
beforestating the theoremwe needsomepreliminaries.

Recall that, given a connectedgroupoid G, a morphism F in H r(G) is called
completeif the elements of G occurring as labels in a graph diagram of F together
with the identities of G generateall G, i.e. any element of G which is not an identit y
can be obtained as a product of such labels or their inverses.Observe that the
deÞnition is independent on the choice of the particular diagram representation of
F , sincethe only new labels that can appear or disappear in the equivalencemoves
of H r(G) are identities of G or products and inversesof labelsalready occuring.

On the other hand, given any g - G, we can useequivalencemoves to change
any diagramrepresenting a completemorphismF , into a newonewhereg occursas
a label. Namely, move (s2) allows us to createa new edgewhoselabel is the inverse
of a preexisting one,while applying the move in Figure 106,possibly after isotopy,
allows us to createa new edgewhoselabel is the product of two preexisting labels.
Sinceby the completenessof F , g is a product of labelswhich appear in the original
diagram or their inverses,we can eventually createan edgelabeledby g.

(a6)
(a2-2!)

g h

hg

gh

g

g h

h

Figure 106. (g - G(i, j ), h - G(j , k)) [a/29].

We denote by bH r,c(G) the set of closedcompletemorphisms in H r(G). Notice
that the set bH r,c(G) of closedcomplete morphisms in H r(G) is non-empty if and
only if G is Þnitely generated,which in turn implies that Obj G is Þnite.

Lemma 8.5. Let G be a connectedgroupoid and F - bH r,c(G). Then for any
g - G there existsa morphism F 0 in H r(G) such that F = F 0 / Lg.

Proof. According to what was said above, we can assumethat F contains an
edgelabeledg. Then F canbe isotoped to the form F 0 / Lg, for a suitable morphism
F 0 in H r(G), as shown in Figure 107. !

g g
g

F F F

(f3) (f1)

g

g

F !

Figure 107. Isotoping F to F ! / L g.
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Theorem 8.6. Any full inclusion G ' G0 of Þnitely generated connected
groupoids uniquely determinestwo bijective maps

, G
!

G : bH r,c(G) # bH r,c(G0) and . G
!

G : bH r,c(G0) # bH r,c(G),

which we call respectively stabilization map and reduction map, such that:

a) , G
!

G and . G
!

G are inverseof each other;
b) , GG = . GG = id bHr ,c (G) and moreover

, G
!!

G! / , G
!

G = , G
!!

G and . G
!

G / . G
!!

G! = . G
!!

G

for any other full inclusion G0 ' G00 of groupoids as above;
c) if x - G(i0, k0) with i0 += k0, then

, GG \ k0
(F ) = F " (≤x / Lx) for any F - bH r,c(G\ k0),

. GG \ k0
(F ) = 3 x(F 0) / η1i 0

for any F = F 0 / Lx - bH r,c(G).

Moreover, , G
!

G and . G
!

G induce bijective maps between the sets of closedcomplete
morphismsof the quotient categories

@?, G
!

G : @? bH r,c(G) # @? bH r,c(G0) and @?. G
!

G : @? bH r,c(G0) # @? bH r,c(G),

@, G
!

G : @ bH r,c(G) # @ bH r,c(G0) and @. G
!

G : @ bH r,c(G0) # @ bH r,c(G).

Proof. We begin by verifying that c) givesa good deÞnition for the two maps
, GG \ k0

: bH r,c(G\ k0) # bH r,c(G) and . GG \ k0
: bH r,c(G) # bH r,c(G\ k0).

Concerning, GG \ k0
, we have to prove that for any F - bH r,c(G\ k0) the morphism

F " (≤x / Lx) belongsto bH r,c(G) and doesnot depend on the choiceof x. The only
non-trivial point in the Þrst assertionis the completenessof F " (≤x / Lx) in H r(G).
This follows from the completenessof F and from the fact that G\ k0 togetherwith x
generateall G (cf. Paragraph5.2). The independenceon x is proved in Figure 108,
where y - G(j0, k0) with j0 += k0 and F 00 is a morphism in H r(G\ k0) such that
F = F 00 / yx, whoseexistenceis guaranteed by Proposition 8.5.

F !!

yx

x F !!

yx
xy

F !!

yx
y

F !!

yx

F !!

yx

yy
(a2)

(a6)

(i2!)
(a2!)

(a2!) (a2!)

Figure 108. F " (' x / Lx) = F " (' y / L y) in H r(G) [a/29, i/34].

Passingto . GG \ k0
, we have to prove that for any F - bH r,c(G) and any decompo-

sition F = F 0 / Lx the morphism 3 x(F ) / η1i 0
belongsto bH r,c(G\ k0) and does not

depend on the choice of the decomposition. As above, for the Þrst assertion it is
enoughto observe that 3 x(F ) / η1i 0

is complete in H r(G\ k0), since the labels oc-
curring in it include the imagesunder the functor x of those occurring in F , so
they generateall G\ k0. To seethat two di!erent decompositions F = F 0 / Lx with
x - G(i0, k0) and F = F 00 / Ly with y - G(j0, k0) give rise to the samereduction of F ,

– 64 –



without lossof generality, we may assumethat those decompositions are obtained
by isotoping edges,as in Figure 107,of two diagramsrepresenting F . AssumeÞrst,
that thosetwo diagramsare the same,i.e that the decompositions are obtained by
starting with the samediagram and making two di!erent choicesof an edgeand an
isotopy. By isotoping both edgessimultaneously we obtain a third decomposition
F = F 000 / (Lx " Ly) (the center diagram in Figure 109) such that, up to isotopy,
F 0 = F 000 / Ly and F 00 = F 000 / Lx. Then the functorialit y of 3 x and 3 y implies that
3 x(F 000) / (η1i 0

" Lyx) is equivalent to 3 x(F 0) / η1i 0
and 3 y(F 000) / (Lxy " η1j 0

) is
equivalent to 3 y(F 00) / η1j 0

in H r,c(G\ k0) (the equivalenceson the left and on the
right in Figure 109). Thereforeit is enoughto show that 3 x(F 000) / (η1i 0

" Lyx) and
3 y(F 000) / (Lxy " η1j 0

) are equivalent in H r,c(G\ k0), which is donein Figure 110.Now
the independenceon the particular diagram representing F , follows from the fact
that all elementary relations are local. So, by the argument above, when applying
a relation to the diagram of F , we can always choosethe isotoped edgeproducing
the decomposition F = F 0 / Lx, away from the support of the relation and think of
the relation as if it were applied to the diagram of F 0. Now the statement follows
from the functorialit y of 3 x. This concludesthe proof that the stabilization and the
reduction mapsin c) are well deÞned.

! x (F ′) ! y

! y

(F ′′′)

xx

xx

yx yx

yx

xx

xx

! x

! x

(F ′′′)

y

y

x

x

F ′′′

yy

yy

xy

xy xy

yy

yy

! y(F ′′)

Figure 109. Two different reductions of F = F !!! / (Lx " L y).

! x (F !!!)

yxxx

yx
! y(F !!!)

yx
! y(F !!!) ! y(F !!!)

yy yyxy
(a2)
(i4)

(q1)

(a2 !)
(a4 !)

(s4)
(s1 !)

! x (F !!!)

xx

yx

(i4)

(a2)
(i4)

Figure 110. 3 x(F !!! ) / (&xx " L yx) = 3 y(F !!! ) / (Lxy " &yy) [a/29, f/35, i/34,
q/52, s/31].

Now we want to show that the maps, GG \ k0
and . GG \ k0

deÞnedin c) are inverseof
each other. Indeed, given F - bH r,c(G\ k0) and x - G(i0, k0) with i0 += k0, Theorem
8.1 b) implies that 3 x(F ) = F . Then . GG \ k0

(, GG \ k0
(F )) = . GG \ k0

(F " (≤x / Lx)) =
3 x(F " ≤x) / η1i 0

= F " (≤1i 0
/ η1i 0

) = F . On the other hand, Figure 111shows that
F = , GG \ k0

(. GG \ k0
(F )) for any F - bH r,c(G).

At this point, we deÞnethe maps , G
!

G and . G
!

G by iteration. Namely, given the
full inclusion of groupoids G ' G0 with Obj G0 %Obj G = { k1, . . . , kn} , we consider
the sequenceG0 = Gn 5 G\ kn

n = Gn−1 5 . . . 5 G
\ k2
2 = G1 5 G

\ k1
1 = G, and deÞne
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!x(F !F ! ) x

xxx

F !
x x

!x(F !)
(q2)

(a2 !)

(s4)
(s1 !)

(i4)

(a2)
(i4)

Figure 111. F = , G
G\ k0

(. G
G\ k0

(F )) [a/29, f/35, i/34, q/52, s/31].

, G
!

G = , Gn

G
\ k n
n

/ . . . / , G2

G
\ k2
2

/ , G1

G
\ k1
1

and . G
!

G = . G1

G
\ k1
1

/ . G2

G
\ k2
2

/ . . . / . Gn

G
\ k n
n

.

Observe that the maps , G
!

G and . G
!

G are inversesof each other and since the
deÞnitionof Þrst map is obviously independent on the choiceof orderingof Obj G0%
Obj G, the samemust be true for the secondone. Then properties a) and b) are
trivially satisÞed.

Finally, the inducedmapsbetweenthe setsof closedcompletemorphismsof the
quotient categoriesare deÞnedsimilarly to , G

!

G and . G
!

G , by replacing 3 x with the
induced functors @?3 x and @3 x (cf. Theorem8.1). !

8.7. Proof of Theorem 1.2. We remind that H r
n = H r(Gn), where Gn is the

groupoid with Obj Gn = { 1, 2, . . . , n} and Gn(i, j) = { (i, j)} for any 1 ! i, j ! n.
Then Theorem1.2 is essentially the specializationof Theorem8.6 to the casewhen
G = Gm, G0 = Gn and the full inclusion Gm ' Gn is the canonicalone;moreover, the
notations , n

m = , Gn
Gm

and . n
m = . Gn

Gm
have beenused.Then the equality # n / , n

m =
, n

m/ # m followsdirectly from the deÞnitionsof the functors# k andof the stabilization
maps. !

9. From surfaces t o t he algebra

This sectionis dedicatedto the proof of Theorem1.3. First of all, given a strict
total order < on Obj Gn, we deÞnethe functor %<

n : Sn # H r
n in the following way:

on the objects %<
n is uniquely determinedby the identities

%<
n ((i j)) = H(i,j) if i < j,

%<
n (A " B) = %<

n (A) " %<
n (B),

while Figures 112 and 113 describe the imagesunder %<
n of the elementary mor-

phismsof Sn (the imageof any labeling of the morphism presented Figure 21 (e0),
is deÞnedthrough relation (I6) in Figure 22).

Then Theorem 1.3 states that %<
n is a braided monoidal functor and if <0 is

another strict total order, there is a natural equivalenceτ : %<
n # %<!

n which is
identit y on the empty set.

The proof of the theoremwill make useof the relations (t8) and (t9), which are
introduced in the next proposition for an arbitrary groupoid G. Given g - G(i, j)
with i += j, let Tg : Hg # Hg be deÞnedas in Paragraph 6.7. We remind that
Tg / Tg = idg (cf. (t3) in Figure 59).
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(i j)(i′ j′) (i, j)

(i, j)

(i′, j′)

(i′, j′)(i j) (i′ j′)

(i j)(i′ j′) (i, j)

(i, j)

(i′, j′)

(i′, j′)(i j) (i′ j′)

(i j) (i, j)

(i j) (i, j)

1

(i j)

(i j) (i, j)

(i, j)

−1

(i j)

(i j) (i, j)

(i, j)

(i j) (i j)

(i j)

(i j)

(i j) (i, j)

(i, j)

(i, j)

(i, j)

(i, j)(i, j)

(i j) (i j) (i, j)

(i, j)

(i j) (i, j)

(i j)

Figure 112. Definition of ™<
n – I (i < j , i ! < j !).

(i j )

(i k)

(j k)

(i k)

(i j )(j k)

(i j )

(j k) (i k)

(i k)

(j k)

(i j )

(i, j )

(i, k)

(i, j )

(i, k)

(i, j )

(i, k)

(i, k)

(i, j )

(j , k)

(i k)

(j k)

(i j ) (i, j ) (i, k)

(j , k)

(j , k)

(i j )

(i k) (j k) (i, k)

(i, j )

(j , k)

(j , k)

(j , k)

(i j ) (h l)

(i j )

(i, j )

(i, j )

(h, l)

(i j ) (i j )

(i j )

(i, j )

(i, j )

(i, j )

1

Figure 113. Definition of ™<
n – II (i < j < k, h < l and { i, j } * { h, l } = +O).

Pr oposition 9.1. Let H r(G) be the universalribbon Hopf G-algebra.For any
g, h - G(i, j) with i += j, deÞnethe morphismsc±g,h : Hg " Hh # Hhgh as follows:

c+
g,h = mh,gh / (idh " mg,h) / (∞g,h " idh) / (idg " ' h),

c−g,h = mh,gh / (idh " mg,h) / (∞g,h " idh) / (idg " ' h).

Then (cf. Figure 114)

c+
g,h / (idg " vh) = c−g,h, (t8)

c+
g,h = Thgh / c+

g,h
/ (Tg " Th). (t9)

hgh

(t8 )

hgh

1

g gh h

(t9 )

hgh hgh

g gh h

Figure 114. Relations of Proposition 9.1 (g, h - G(i, j ), i += j ).
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Proof. SeeFigure 115. !

g g

1

1

g g g

1

2

(a3)
(a3)
(a3)
(p9)

(p10!)

(a3)

(r5)
(s4)
(t2 )

(s4)

(t2 )
(r5-5!)

hgh hgh hgh hgh hgh

h h h h

g hg h h hg g g

−1
−1

(r5)
(s3)

(r5) (s4)

(a3)
(s4)

(t8 )
(t1 )

(t3 )
(t1 )

(t1 -2)

hgh hgh hgh hgh hgh

−1

h

h

Figure 115. Proof of Proposition 9.1 [a/29, p/40, r/37, s/31, t/41-67].

Observe that, when G = Gn and g = h = (i, j), Shgh / c+
g,h

/ (idg " Th) is exactly
the imageof the uni-coloredsingular vertex under %n (cf. Figure 113).

9.2. Proof of Theorem 1.3. Given any two strict total orders < and <0 on
Obj Gn, for any object A in Sn we deÞnethe invertible morphism τA : %<

n (A) #
%<!

n (A) by induction, accordingto the relations

τ(i,j) =
Ω

id(i,j) : H(i,j) # H(i,j) if i < j and i <0 j,

T(i,j) : H(i,j) # H(j,i) if i < j and j <0 i;

τ1 = id1, τA¶B = τA " τB.

Then for any morphismF : A # B in Sn, represented asa Þxedcomposition of
products of elementary morphisms,we have the following commutativ e diagram:

.

! <
n (A) (A)! A

! B

! < !

n

(B )

! <
n (F ) ! < !

n (F )

! <
n ! < !

n (B )

Indeed, the commutativit y in the casewhen F is an elementary morphism can be
easilyderivedfrom the deÞnitionof %<

n , by usingthe relations(t3) in Figure 59,(t4)
in Figure 60 and (t9) in Figure 114,while the extensionto an arbitrary composition
is allowed by the relation (t3).

Now we have to show that %<
n is well-deÞnedon the level of morphisms.In other

words, that it sendslabeled rs-tanglesrelated by any of the deÞningmoves of Sn

(the labeled versionsof the moves in Figures 22, 23, 24 and 25 together with the
moves in Figure 3) to labeled graph diagramsrepresenting the samemorphism in
H r

n. In showing that, by the commutativit y of the above diagram,we canchoosethe
most convenient order < for each singlemove.
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We remind that move (I6) in Figures 22 was usedto deÞnethe imagesunder
%<

n of the morphisms on the left hand side, so there is nothing to prove for it.
Analogously, for (R2) in Figure 3 it su"ces to look at the deÞnition of %<

n .
Here below we indicate how the veriÞcation goes for the remaining moves(ac-

tually, most of them essentially rewrite the algebraaxiomsand the relations in H r
n

proved in Sections5 and 6).

(I1), (I7-70) and (I8-9) follow from the braid axiomsin Figure 34 (p. 29).

(I2-20) correspond to axioms(f3-30) in Figure 41 (p. 33).

(I3) follows from oneof the botton-left duality movesin Figure 45 (p. 34).

(I4) follows from relation (p4) in Figure 55 (p. 40).

(I5) follows from move (f4) in Figure 42 (p. 33).

(I10), (I12-120) and (I13) follow from the ribbon axiomsin Figure 50 (p. 37).

(I11) follows from relations (f60) in Figure 48 (p. 35) and (t2) in Figure 59 (p. 41).

(I14-140) for a bi-coloredsingular vertex are trivial, while for a tri-colored singular
vertex follow directly from (t6) and (t7) in Figure 60 (p. 42). The proof for a
uni-colored singular vertex is presented in Figures 116 and 117, where Figure
116 shows that the image under %<

n of the labeled rs-tangle in the middle of
(I14-140) is equivalent to the third graph diagram in Figure 117.

2
2

2

−2

(i, j) (i, j) (i, j) (i, j)

(i, j) (i, j) (i, j) (i, j) (i, j) (i, j) (i, j) (i, j)

(a3)
(a3)

(f2)
(f2)(f8)

(f7)(s4)

(f8) (t2 )
(f5)

(i, j)

(i, j) (i, j)

(r5 ′)
1

(i, j)

(i, j) (i, j)

(t1 )

(t2 )

Figure 116. Proof of (I14-14!) in the uni-colored case – I (i < j ) [a/29,
f/33-33-35, p/40, r/37, s/31, t/41].

(s4)
(t5 )

(i, j )

(i, j ) (i, j )

1
1

! 1

(i, j )

(i, j ) (i, j )

(s4)
(t5 )

(a3)
(t1 -2)
(r5-5!)1

(i, j )

(i, j ) (i, j )

! 1

1!

(s4)
(s4)

(t2 )(a3)
(t1 -2)
(r5-5!)

(i, j ) (i, j )

1

(i, j )

1

(i, j ) (i, j )

! 1

(i, j )

1

1

(i, j )

(i, j ) (i, j )

! 1

1

Figure 117. Proof of (I14-14!) in the uni-colored case – II (i < j ) [a/29, r/37,
s/31, t/41].

(I15) follows from relation (t5) in Figure 60 (p. 42).

(I16) follows from the deÞnition of the coform (f1) in Figure 41 (p. 33).

(I17) for a bi-coloredsingularvertex reducesto a crossingchange,soit follows from
axioms(r11) in Figure 51 (p. 37). For a tri-colored singular vertex the proof is
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presented in Figure 118, while for a uni-colored singular vertex it is presented
in Figure 119.

(I18) correspondsto the bi-algebraaxiom (a1) in Figure 35 (p. 29).

(I19) is presented in Figure 120.

(r11 ′)
(f6)
(p5)

(s4)(t5) (p2 ′)

(p10)

(r5 ′)(t2)
(t2)

1 1

−1

(i, j ) (i, j ) (i, j ) (i, j ) (i, j )

(i, k) (i, k) (i, k) (i, k) (i, k)

(j , k) (j , k) (j , k) (j , k) (j , k) (i, j ) (j , k)

(j , k) (j , k) (j , k) (j , k) (j , k) (i, k)(j , k)

Figure 118. Proof of (I17) in the tri-colored case (i < j < k) [f/42, p/39-40,
r/37-41, s/31, t/41].

11

1 1

(t3-4)
(p10)
(r5 ′)

(t1-2)

(a1)

1 1

! 1

(a1)

(p2 ′)

(p10 ′)

(r5)

(t1)

(t1)
(p1)

(p2)

(s4)
(s4)

(t1-2)

(t3-4)

(r5-5 ′)

(i, j ) (i, j ) (i, j ) (i, j ) (i, j ) (i, j ) (i, j ) (i, j )

(i, j ) (i, j ) (i, j ) (i, j ) (i, j ) (i, j ) (i, j ) (i, j )

11

1
(r11 ′)

1

(p2 ′)

(p10)

(r5 ′)
(t2)

(t2)

(t5)

1 1

! 1

(a3)

(a5)

(r8 ′)
(s3)

(t1-2)

(i, j ) (i, j ) (i, j ) (i, j ) (i, j ) (i, j ) (i, j ) (i, j )

(i, j ) (i, j ) (i, j ) (i, j ) (i, j ) (i, j ) (i, j ) (i, j )

Figure 119. Proof of (I17) in the uni-colored case (i < j ) [a/29, p/39-40,
r/37-37-41, s/31, t/41].

11

2

! 1

(i, j)(i, j)(i, j)(i, j)(i, j)

(i, j)(i, j)(i, j)(i, j)(i, j)

1

-2)(f1(f3)
(f8)

(r5)
(t1)

-2)(f1
(a4)
(s1)

(r5-5 !)

(a2 !)

(a1-3) (f8)

(t1)

(t1)

(t2)
(t3-4)

Figure 120. Proof of (I19) (i < j ) [a/29, f/33-35, r/37, s/30, t/41].
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(I20) follows from (a6), (s6) and (r2) respectively in Figures35 (p. 29), 39 (p. 31)
and 50 (p. 37).

(I21) for bi-coloredsingular verticesis trivial, while for tri-colored singular vertices,
with the proper choice of the order <, it corresponds to the bi-algebra axiom
(a5) in Figure 35 (p. 29). The proof for uni-coloredsingular verticesis presented
in Figure 121.

1 1

(t5)

(t3-4)
(a1-3)

(p10 ′)

(t2)

(t2)

-2 ′)(p1
(r5)

(f6)
(p5 ′)

(s4)

-3)(a1

1 1

(r5-5 ′)

−1

1

1 1

1

(i, j ) (i, j ) (i, j ) (i, j ) (i, j ) (i, j )

(i, j ) (i, j ) (i, j ) (i, j ) (i, j ) (i, j )

11

(i, j ) (i, j )

(i, j ) (i, j )

(p10 ′)

(r5)

(t2)

(t2)

-2 ′)(p1

1
1

1(a5)(a3)
(a5)

(t3-4)
(r5-5 ′)

(r11)(f6)
(p5 ′)

(s4)

-3)(a1

(i, j ) (i, j ) (i, j ) (i, j ) (i, j ) (i, j ) (i, j ) (i, j )

(i, j ) (i, j ) (i, j ) (i, j ) (i, j ) (i, j ) (i, j ) (i, j )

1

Figure 121. Proof (I21) in the uni-colored case (i < j ) [a/29, p/40, r/37-37,
s/31, t/42].

(I22) is the most complicatedrelation to dealwith, sincethe sourceof the involved
morphismsconsistsof three intervals which can be labeled independently from
each other, so there are many di!erent cases.First of all, we observe that the
presenceof disjoint labelsallowsusto simplify the relation by usingmove(R2) to
remove the bi-coloredsingular vertices.In particular, such simpliÞcationmakes
(I22) trivial when the label of the rightmost interval is disjoint from the other
two, while it makes (I22) easily reducible to other moves (namely (I3), (I5),
(I16) and (I20)) when the leftmost and the rightmost intervals have disjoint
labels. Up to conjugation, the only remaining labelings of the three intervals
which includea pair of disjoint labelsaregivenby the sequences(i j) , (j k) , (k l)
and (i j) , (i k) , (i l) where i, j, k, l are all distinct. The Þrst casecorresponds,
modulo move (R2), to the bi-algebra axiom (a3) in Figure 35 (p. 29), while
the secondcaseis treated in the top line of Figure 122. The bottom line of
the sameÞgureconcernsthe unique remaining casewhen a bi-coloredsingular
vertex occurs(even if there is no pair of dijoint labelsin the source).The rest of
the casesare grouped dependingon the number of uni-coloredsingular vertices:
the three caseswith only onesuch vertex are presented in Figure 123;the single
casewith two uni-colored vertices is consideredin Figure 124; Þnally, the last
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(a3)
(s1)(t1)

(t3-7)

(i, j) (i, l)(i, k)

(j, k)

(i, j) (i, l)(i, k)

(j, k) (j, k)

(i, j) (i, l)(i, k)

(a3)1
(t3-7)

(t3-7)(r11)
(r5-5 ′)(r5-5 ′)

(i, j) (i, k) (j, l) (i, j) (i, k) (j, l) (i, j) (i, k) (j, l)

(k, l) (k, l) (k, l)

Figure 122. Proof of (I22) in the non trivial cases when a bi-colored singular
vertex occurs, (i < j < k < l) [a/29, r/37-37, s/30, t/41].
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Figure 123. Proof of (I22) in the cases when one uni-colored singular vertex
occurs (i < j < k) [a/29, r/37, s/30, t/41-67].
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Figure 124. Proof of (I22) in the cases when two uni-colored singular vertices
occur (i < j < k) [a/29, r/37, s/30, t/41-67].
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Figure 125. Proof of (I22) in the uni-colored case (i < j ) [a/29, p/39-40,
r/37-37, s/30-31, t/41-67].
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Figure 126. Proof of step (4) in Figure 125 [a/29, p/40, r/37-37, s/31, t/41-67].
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casein which all singular vertices are uni-colored is shown in Figures 125 and
126.

(R1) follows from the relations (t3) in Figure 59 (p. 41) and (t6) in Figure 60 (p.
42), taking into account that T propagatesthrough the form and the coform,
due to (f7-8) in Figure 46 (p. 35) and (p3-4) in Figure 55 (p. 40). !

9.3. Proof of Theorem 1.4. The fact that # n(%n(F )) = KF for any F - bSc
n

can be seenby comparingthe deÞnitionsof # n (cf. Figures64 and 65) and %n (cf.
Figures 112 and 113) with the description of KF given in Section4 (cf. Figures 29
and 30). Hence,asdiscussedafter the statement of the theorem(at p. 7), it su"ces
to verify that the map %n : bSc

n # bH r,c
n is surjective for n $ 4. Actually, we will do

this for any n $ 3.
Let F be an arbitrary morphism in bH r,c

n with n $ 3, represented by a given dia-
gram (without usingcopairingsand form/coform notation). An edgeof the diagram
will be called an i-edge, 1 ! i ! n, if it is labeled (i, i) and it is not attached to
one positive tri-v alent and one positive integral vertex. Moreover, a vertex will be
called an i-vertex if it is not a positive integral vertex and all edgesattached to it
are labeled(i, i).

As a preliminary step, we will show how to transform the diagram representing
F into an equivalent one,whereno i-edgesappear for any 1 ! i ! n. Actually, the
Þguresbelow deal only with edgesof zero weight and not containing the antip ode
morphism,but the generalizationto other weights or to the presenceof the antip ode
is straightforward. Observe alsothat sinceF is completeand n $ 2, we may assume
that near a given i-edgethere is a counit ≤(i,j) with i += j (such a counit can be
obtained by move (a2) from an edgelabeled(i, j) and then isotoped everywhere).

We start by eliminating all uni-valent i-vertices as described in the Þrst three
movesin Figure 127.Then by applying, if necessary, the edgebreakingshown in the
fourth move in the sameÞgure,we obtain a diagram whereall i-edgesconnecttwo
tri-v alent verticessuch that at most oneof them is an i-vertex.

i)(i,

i)(i,

(a2 !) (s1 !)(a6)

j)(i, j)(i,i)(i, j)(i,

i)(i, i)(i,

j)(i, j)(i,

i)(i,

j)(i,

i)

i)

(i,

(i,

(a4 !)

(a3)j)(i,

(s1 !)

i)(i,

i)(i,

j)(i,

Figure 127. Eliminating uni-valent i -vertices (i += j ) [a/29, s/30].

We proceedby eliminating the tri-v alent i-vertices, starting with the negative
onesasshown in the leftmost move in Figure 128and then usingthe two other moves

(a5)

i)(i, i)(i, i)(i, i)(i,

i)j )(i, j )(i,(j, j )(i,

(a3)

i)(i,

i)(i,i)j )(i, (j,

i)(i,

i)(i,i)j )(i, (j,

(a3)

i)(i, i)(i, j )(i,i)(i, i)(i, j )(i,

j )(i, j )(i,

Figure 128. Eliminating tri-valent i -vertices (i += j ) [a/29].

– 74 –



in the sameÞgure(or their vertical reßections)to eliminate the positive i-vertices
as well.

At this point, the only remainingi-edges,connecttwo positive tri-v alent vertices
none of which is an i-vertex. Such edgesare eliminated through the moves shown
in Figure 129 (or their vertical reßections),where,sincen $ 3 and F is complete,
without loss of generality we have assumedthat there exists closeby a counit of
label (j, k) with i += j += k += i.

(a3)

i)j )(i, (j,

k)(i, k)(i,

k)(i, i)j )(i, (j, k)(i, k)(

(a2 !)
(a4 !)
(s1 !)
(a3)i)(j,

j )(i, j )(i,

j, j )(i,j )(i, k)( i)(j,j, j )(i,j )(i,

Figure 129. Eliminating i -edges connecting two tri-valent vertices none of which
is an i -vertex (i += j += k += i ) [a/29, s/30].

In this way wehaverepresented the morphismF by a diagramin which any edge
labeled (i, i) is attached to one positive tri-v alent and one positive integral vertex.
Then, by using the form notation introduced in Figure 41, we can eliminate those
exceptionaledgesaswell, obtaining a diagram of F whoselabelsare all of the type
(i, j) with i += j.

Now, given any order < on Obj Gn, we modify this last diagram of F in such a
way that the labels (i, j) with j < i are concentrated at short arcs of zero weight
delimited on one end by a uni- or tri-v alent vertex and on the other end by an
antip ode. This can be done by using relation (t2) in Figure 59 to convert all the
inversesof antip odesinto antip odesand to create/eliminate pairs of antip odesalong
the sameedge(at the cost of adding sometwists) and relations (f7-8) in Figure 46,
(p1-4) in Figure 55 and (r4) in Figure 50 to slide antip odesand twists alongedges.

Then, we remove thoseof the short arcsabove, which are attached to uni-valent
vertices and to negative tri-v alent vertices by applying moves (i4-5) in Figure 44,
(s5-6) in Figure 39and (t4) in Figure 60.The antip odesstill present in the diagram,
bound short arcs attached to positive tri-v alent verticesand using relation (t1) in
Figure 59, we expressthem in terms of the morphismsT(i,j) .

We Þnish the proof of Theorem 1.4 by observingthat the resulting diagram of
F is a composition of the diagramson the left sideof Figures112and 113,henceF
is in the imageof %n. !

9.4. Proof of Theorem 1.5. According to Proposition 7.2, # n inducesfunctors
@?# n : @?H r

n # @?Kn and @# n : @H r
n # @Kn betweenthe corresponding quotient

categories.Moreover, by the last part of Theorem8.6, . n
m and , n

m inducewell deÞned
bijective mapsbetweenthe closedcompletemorphismsin thesequotient categories
for any m < n. In order to completethe proof of Theorem1.5 we only needto show
that the functor %n inducesfunctors

@?%n : @?Sn # @?H r
n and @%n : @Sn # @H r

n,
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in other words that the imagesunder %n of the two sidesof the relation (T ) (resp.
relations (T ), (P) and (P0)) in Figure 4 are equivalent in @?H r

n (resp.@H r
n). This is

donein Figures130(resp. 131). !

1 ! 1

! 11

(i, j) (i, j) (i, j) (i, j) (i, j) (i, j) (i, j) (i, j) (i, j) (i, j)

(f2)
(r5)
(s3)

(a5)

1

(p12)
(d1)
(r2)

(a6)
(s6)

Figure 130. Proof of (T ) in ! ?H r
n (i < j ) [a/29, f/33-35, p/40, s/31].

± 1

± 1

(i, j)(i, j)(i, j)

(r5)
(s1′)

-2′)(d2

Figure 131. Proof of (P) and (P!) in ! H r
n (i < j ) [d/43, r/37, s/30].

10. App endi x: pro of of Pro posit ion 3.1

We start with Proposition 10.1 which expresses1-isotopy of ribbon surfaces
through moves of planar diagrams.Namely, up to isotopy of planar diagrams,we
have three typesof moves:thosewhich changethe ribbon surfaceby 3-dimensional
diagram isotopy while preservingthe ribbon intersectionsand the core graph, de-
scribed in Figure 23 (p. 20); thosewhich changethe coregraph, depicted in Figure
24 (p. 21); thosewhich interpret the 1-isotopy movesof Figure 17 in terms of pla-
nar diagrams,as shown Figure 25 (p. 21). Of course,in this context we disregard
the movesof Figure 22 (p. 20), sinceisotopy of planar diagramsis not required to
preserve y-coordinate. Theselast moves will becomerelevant when we will switch
to the categoricalpoint of view of Proposition 3.1.

Pr oposition 10.1. The ribbon surfacesrepresented by two planar diagrams
are 1-isotopicif and only if their diagramsare related by a Þnite sequenceof planar
diagram isotopies(induced by ambient isotopiesof the projection plane) and moves
as in Figures23, 24 and 25 (all consideredup to planar diagram isotopy).

Proof. The ÒifÓpart is trivial, sinceall the moves in Figures 23, 24 represent
special3-dimensionaldiagram isotopies,while the movesin Figure 25 areequivalent
to the 1-isotopy movesin Figure 17 up to 3-dimensionaldiagram isotopy.

In order to prove the ÒonlyifÓpart, we considertwo planar diagramsrepresent-
ing ribbon surfacesF0 and F1 asregular neighborhoods of their coregraphsG0 and
G1, such that there is a 3-dimensionaldiagram isotopy H : (F,G) 0 [0, 1] # R3

taking (F0, G0) to (F1, G1). Contrary to our generalconvention, herewe think of F
as a 3-dimensionaldiagram, i.e a singular surfacewith ribbon self-intersectionsin
R3. Notice that the intermediatepairs (Ft, Gt) = H((F,G), t) with 0 < t < 1 do not
necessarilyproject suitably into R2 to give planar diagrams.
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Of course,wecanassumethat H is smooth, asa mapdeÞnedon a pair of smooth
stratiÞed spaces,and that the graph Gt regularly projects to a diagram in R2 for
every t - [0, 1], excepta Þnite number of tÕscorresponding to extendedReidemeister
movesfor graphs.For such exceptionaltÕs,the lines tangent to Gt at its verticesare
assumednot to be vertical.

We deÞne+ ' G0 [0, 1] asthe subspaceof pairs (x, t) for which the planeTxt Ft

tangent to Ft at xt = H(x, t) is vertical (if x - G is a singular vertex, there are two
such tangent planesand we require that oneof them is vertical).

By a standard transversality argument, we can perturb H in such a way that:
a) + is a graph imbeddedin G 0 [0, 1] as a smooth stratiÞed subspaceof constant

codimension1 and the restriction η : + # [0, 1] of the height function (x, t) &#t
is a Morse function on each edgeof +;

b) the edgesof + locally separateregionsconsistingof points (x, t) for which the
projection of Ft into R2 hasopposite local orientations at xt;

c) the two planestangent to any Ft at a singular vertex of Gt arenot both vertical,
and if oneof them is vertical then it doesnot contain both the lines tangent to
Gt at that vertex.
As a consequenceof b), for each ßat vertex x - G of valency one (resp. three)

there are Þnitely many points (x, t) - +, all of which have the samevalency one
(resp. three) as vertices of +. Similarly, as a consequenceof c), for each singular
vertex x - G there are Þnitely many points (x, t) - +, all of which have valencyone
or two as verticesof +. Moreover, the above mentioned verticesof + of valencyone
or three are the only verticesof + of valency+= 2.

Let 0 < t1 < t2 < . . . < tk < 1 be the critical levels ti at which one of the
following facts happens:
1) Gti doesnot project regularly in R2, sincethere is onepoint xi alongan edgeof

G such that the line tangent to Gti at H(xi, ti) is vertical;
2) Gti projects regularly in R2, but the projection of Gti is not a graph diagram,

due to a multiple tangencyor crossing;
3) there is onepoint (xi, ti) - + with xi a uni-valent or a singular vertex of G;
4) there is onecritical point (xi, ti) for the function η along an edgeof +.

Without loss of generality, we assumethat only one of the four casesabove
occurs for each critical level ti. Notice that the points (x, t) of + such that x - G
is a ßat tri-v alent vertex represent a subcaseof 2) and for this reasonthey are not
included in 3).

For t - [0, 1] %{ t1, t2, . . . , tk} , there exists a su"cien tly small regular neighbor-
hood Nt of Gt in Ft, such that the pair (Nt, Gt) projects to a planar diagram,except
for the possiblepresenceof someribbon intersectionsprojecting in the wrong way,
as in the left side of Figure 132 (notice the di!erence with the ribbon intersection

Figure 132. Reversing a wrong projection by an auxiliary half-twist.
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in Figure 18). We Þx this problem by inserting an auxiliary positive half-twists
along the toungescontaining those ribbon intersections,as shown in the right side
of Figure 132.The resulting ribbon surfaces,still denotedby Nt, projects to a true
planar diagram.

Actually, we modify the NtÕsall together to get a new isotopy whereno wrong
projection of ribbon intersectionoccurs,sothat Nt projects to a true planar diagram
for each t - [0, 1] % { t1, t2, . . . , tk} . Namely, at each critical level when a wrong
projection of a ribbon intersectionis goingto appearin the original isotopy, we insert
an auxiliary half-twis, to prevent the projection from becomingwrong. Such half-
twist remainscloseto the ribbon intersection until the Þrst critical level when the
projection becomesgood againin the original isotopy (remember that 3-dimensional
diagram isotopy preservesribbon intersections).At that critical level we remove the
auxiliary half-twist. We remark that the secondpart of condition c) is violated when
inserting/removing an auxiliary half-twist at critical points of type 2), as it can be
seenby looking at Figure 133.

Figure 133.

We observe that the planar diagramof Nt is uniquely determinedup to diagram
isotopy by that of its core Gt and by the tangent planesof Ft at Gt. In fact, the
half-twists of Nt along the egdesof Gt correspond to the transversalintersectionsof
+ with G 0 { t} and their signs,depend only on the local behaviour of the tangent
planesof Ft. In particular, the planar diagramsof (N0, G0) and (N1, G1) coincide,
up to diagram isotopy, with the original onesof (F0, G0) and (F1, G1).

If the interval [t0, t00] doesnot contain any critical level ti, then each singlehalf-
twist persists between the levels t0 and t00, and hencethe planar isotopy relating
the diagrams of Gt! and Gt!! also relate the diagrams of Nt! and Nt!! , except for
possibleslidings of half-twists along ribbons over/under crossings.Therefore the
planar diagrams of (Nt! , Gt! ) and (Nt!! , Gt!! ) are equivalent up to diagram isotopy
and moves(I8-9) in Figure 23.

On the other hand, if the interval [t0, t00] is a su"cien tly small neighborhood of
a critical level ti, then the planar diagramsof Nt! and Nt!! are related by the moves
in Figure 23, depending on the type of ti as follows.

If ti is of type 1), then a positive/negative kink is appearing(resp.disappearing)
along an edgeof the core graph. When the kink is positive and (xi, ti) is a local
maximum (resp.minimum) point for η, i.e. two positive half-twists alongthe ribbon
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corresponding to the edgeare being converted into a kink (resp. viceversa), the
diagramsof Nt! and Nt!! are directly related by move (I11). The caseswhen (xi, ti)
is not a local maximum (resp. minimum) point for η, that is one or two negative
half-twists appear(disappear) togetherwith the kink, canbereducedto the previous
caseby meansof move (I12). On the other hand, by usingthe regular isotopy moves
(I7-9) in order to createor deletein the usualway a pair of cancelingkinks (without
introducing any half-twist) along the ribbon, we can reducethe caseof a negative
kink to that of a positive one.

If ti is of type 2), then either a regular isotopy move is occurring betweenGt!

and Gt!! or two tangent lines at a tri-v alent vertex xi of the graph project to the
sameline in the plane. In the Þrst case,the regular isotopy move occurring between
Gt! and Gt!! , trivially extendsto oneof the moves(I7-9). In the secondcase,xi may
be either a ßat or a singular vertex. If xi is a ßat vertex, then the tangent plane to
Ft at H(xi, t) is vertical for t = ti and its projection reversesthe orientation when t
passesfrom t0 to t00. Move (I15) (modulo moves(I7) and (I12)) describesthe e!ect
on the diagram of such a reversion of the tangent plane. If xi is a singular vertex,
then Nt! changesinto Nt!! in one of the four ways shown in Figure 132. In the top
(resp. bottom) line auxiliary half-twists are inserted (resp. removed) according to
what we have said above, while left and right columns di!er for the edgeswhich
present the common tangency at the critical level. All thesemodiÞcationscan be
reducedto moves(I14-140) by using moves(I7) and (I12).

If ti is of type 3), then either a half-twist is appearing/disappearing at the tip
of the tongue of surface corresponding to a uni-valent vertex or one of the two
bandsat the ribbon intersectioncorresponding to a singular vertex is beingreversed
in the plane projection. The Þrst casecorresponds to move (I13) (here we have
a positive half-twist, for dealing with a negative one we combine this move with
(I12)). The secondcasemay happen in two di!erent ways, depending on which
band is being reversed.If such band is the one passingthrough the other in the
ribbon intersection, then, we can transform Nt! into Nt!! by applying moves (I10)
and (I12). Otherwise,the projection of the ribbon intersectionis changingfrom good
to wrongoneor viceversa,and the appearing/disappearinghalf-twist is compensated
by the auxiliary oneup to move (I12).

Finally, if ti is of type 4), a pair of cancelinghalf-twists is appearing or disap-
pearing along an egdeof the graph. This is just move (I12).

At this point, in order to concludethat the movesin the statement of the theorem
su"ce to realize 3-dimensionaldiagram isotopy betweenany two planar diagrams
of a given ribbon surfaceF , it is left to prove that, given two di!erent coregraphs
G0, G00 of F asabove, the planar diagramsF 0 and F 00 determinedrespectively by G0

and G00, are relatedby thosemoves.This is quite straightforward. In fact, by cutting
F alongthe ribbon intersectionarcs,we get a newsurfacebF with somemarkedarcs.
This operation also makesthe graphsG0 and G00 into two simple spinesT 0 and T 00

of bF relative to those marked arcs (Figure 134 shows the e!ect of the cut at the
ribbon intersectionsin Figure 20).

From intrinsic point of view, that is considering bF as an abstract surfaceand
forgetting its inclusion in R3, the theory of simple spinestells us that the movesin
Figures 20 and 24 su"ce to transform T 0 into T 00. In particular, the Þrst and last
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Figure 134.

movesin Figure 24correspond to the well known movesfor simplespinesof surfaces,
while the one in the midle relates the di!erent positions of the spine with respect
to the marked arcs in the interior of bF . It remains only to observe that, up to a
3-dimensionaldiagram isotopy preservingthe coregraph, henceup to the movesin
Figure 23, the portion of the surfaceinvolved in each singlespinemodiÞcation can
be isolated in the planar diagram as in Figure 24.

An analogousobservation holds for the moves in Figure 25, which realize in
terms of planar diagrams the 1-isotopy moves of Figure 17, up to 3-dimensional
diagram isotopy. !

Now we needto restrict ourselves to planar diagramswhich are oriented in a
special way with respect to the y-axis. This requiresan explicit description of the
ambient isotopy in the projection plane in terms of moves.

A planar diagram of an rs-tangle is said to be in normal position with respect
to the y-axis if its coregraph satisÞesthe following properties:
a) each edgeprojects to a regular smooth arc immersedin R 0 [0, 1], such that the

y-coordinate restricts to a Morse function on it;
b) vertices, half-twists, crossingsand local minimum/maximum points for the y-

coordinate along the edgeshave all di!erent y-coordinate (in particular, there
are no horizontal tangenciesat vertices,half-twists and crossings).

Figure 135showsthe di!erent ways,up to planeisotopy preservingy-coordinate,
to put the spots of Figures 18 (p. 18) and 19 (p. 19) in normal position with re-
spect to the y-axis, by planar diagram isotopieswich do not introduce any local
minimum/maximum for the y-coordinate along the edgesof the coregraph.

Figure 135.

We notice that all such local conÞgurationsappear among the elementary rs-
tangle diagramsin Figure 21 (p. 20), except for someof thoseat tri-v alent vertices
of the core graph. Namely, only the Þrst two of those at a singular vertex (that
meansat a ribbon intersection) and the Þrst of thoseat a ßat tri-v alent vertex are
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consideredas elementary rs-tanglediagrams.The others can be expressedin terms
of them as in Figure 136.

(I5)

(I16)
(I18)

Figure 136.

On the other hand, all the elementary rs-tangle diagrams in Figure 21 are in
normal position with respect to the y-axis. Hence,this is also true for any iterated
product/composition of them, up to vertical perturbations to get property b).

Lemma 10.2. Through planar diagram isotopy, any planar diagram of an rs-
tangle can be presented asan iterated product/composition of the elementary ones
of Figure 21 in normal position with respect to the y-axis. Moreover, any two such
presentations of the samers-tangleare related by a Þnite sequenceof planeisotopies
preservingthe y-coordinate, moves as in Figures 22 and 137 (all consideredup to
plane isotopy preservingthe y-coordinate).

(J1) (J2)(J1!)

Figure 137.

Proof. Here we think of a planar diagram of the core graph of an rs-tangle as
a planar graph in itself, whosevertices,other than the uni- and tri-v alent ßat ones
and the singular tri-v alent ones,alsoincludebi- and four-valent verticesrespectively
at the half-twists and at the crossings.

In the light of the discussionabove, the Þrst part of the statement is essentially
trivial. In fact, any planar diagram can be perturbed to get normal position with
respect to the y-axis and then made into an iterated product/composition of the
elementary rs-tanglediagramsby local isotopiesas in Figure 136.
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The proof of the secondpart is analogousto the proof of the previous Propo-
sition. We start with an arbitrary smooth planar diagram isotopy relating any two
given presentions as in the stament. Then we usetransversality to perturb this iso-
topy in such a way the diagramis in normal position with respect to the y-axisat all
the levels excepta Þnite number of critical ones.At thesecritical levels the planar
diagram of the coregraph presents exactly oneof the following properties:
1) the y-coordinate on oneedgeis not a Morse function;
2) oneof the vertices(including half-twists and crossings)hasa horizontal tangent;
3) two points among the extremal onesalong edgesand the vertices (including

half-twists and crossings)have the samey-coordinate.
Away from critical levels the isotopy can be assumed to preserve the y-

coordinate, while, as it is argued below, the moves of Figures 22 and 137 allow
us to realizeall the changesoccurring in the planar diagram when passingthrough
onecritical level.

In fact, the casesof critical levels of types 1) and 3) are respectively covered
by moves (I2-20) and (I1). At critical levels of type 2) the vertex with horizontal
tangencyis swiching from oneto another of its normal positionsdepicted in Figure
135. At the sametime one extremal point (resp. one pair of cancelingextremal
points) for the y-coordinate is appearing/disappearing along the edge (resp. the
opposite edges)presenting the horizontal tangency. The caseswhen the vertex we
are considering is a uni-valent ßat vertex, a half-twists or a crossingcorrepond
respectively to moves (I3), (I4) and (J1-10), modulo moves (I1) and (I2-20). On
the other hand, in order to deal with singular and tri-v alent ßat vertices,we need
to replacethe normal positions which are missing in the elementary diagrams as
indicated in Figure 136. After that, modulo moves (I1) and (I2-20), all the cases
reduceto moves(I6) and (J2) for singular vertices,and to move (I5) for tri-v alent
vertices. !

Proof of Proposition 3.1. First of all we observe that in Proposition 10.1 the
movesof Figures23Ð25areconsideredup to planeisotopy, disregardingtheir normal
position with respect to the y-axis. On the contrary, here those moves need to
be interpreted in a more restrictive way, assumingthat they are in the preferred
normal position given in the Þgures,up to planeisotopy preservingthe y-coordinate.
However, as a consequenceof Lemma 10.2, the two points of view coincide in the
presenceof the movesof Figures22 and 137.

Then Proposition 3.1 immediately follows from Proposition 10.1 and Lemma
10.2,oncethe auxiliary movesin Figure 137are shown to be consequencesof those
in Figures22Ð25.Actually, move(J1-10) canbeeasilyderivedfrom the moves(I2-20),
(I7-7) and (I8-9), while Figure 138describeshow to get (J2). !

9)-(I8
2 !)(I

(I10)
(I11)

(I11)

(I6)
(I9) (I14)

(I12 !) (I14 !) -7 !)(I7
9)-(I8

Figure 138.
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11. App endi x: pro of of some rel at ions in H r (G)

Here we prove the relations in Figures 55 and 56 and show that (r8 0) is a con-
sequenceof the rest of the axiomsfor H r(G).

We start with the ÒeasyÓisotopy moves in Figure 55, postponing the proof of
(p3) to the end. (p4) is a direct consequenceof the deÞnition (f2) in Figure 41 and
of the axioms(r4) and (r5-50) in Figure 50. Concerning(p5) and (p50), they can be
seento be equivalent by using (f6-60) in Figure 46 and (p1) in Figure 53. On the
other hand, they are trivial when i += j, due to the deÞnition (r7) and the duality
movesin Figure 45, while the proof of (r5 0) for i = j is given in Figure 139.

! 1 ! 1

1i 1i 1i 1i 1i 1i 1i 1i 1i1i

1

! 1 ! 1

1
(r4)
(r6)

(s5)(r6) (s3) (f6)

Figure 139. Proof of (p5!) for i = j [f/35, r/37, s/30-31].

As already mentioned, (p5) and (p50) are particular casesof a more general
set moves which allow to interchange the positions of any coform and copairing
appearing on the samestring connectingtwo polarized vertices.We want to show
that (p5) and (p50) actually imply all such moves.Sincethe braid axiomsin Figure
34 allow coformsand copairingsto passcrissingswhen we slide them along strings,
we can assumethat the coform and the copairing which we want to exchangeare
contiguousasin Figure 140.Now, the Þrst move in this Þgureis a trivial consequence
of move (f3-30) in Figure 41, while the other two are equivalent to (p5) and (p50)
up to (f3-30) and the braid axioms.

1i 1j1j 1i 1j 1i 1j 1i 1j1i1j1i

Figure 140.

Observe that the proof of (p50) and thereforeof the movesinterchangingcoforms
copairingsappearing on the samestring, usesonly two of the ribbon axioms: the
deÞnition of copairing ((r6) in Figure 51) and the commutativit y of the ribbon
morphism with the antip ode ((r4) in Figure 50). It is easyto seethat (r8 0) can be
obtained from (r8) through such interchangingsand the braid axioms. Therefore
(r8 0) is a consequenceof the rest of the axiomsof H r(G).

g

g g

g

g

−2

g

g g

−2

1

(r6)
(r5-5 ′) (a4)

(a8)
(r2)

(s1 ′)

g g

g g

2

2

(p6)
(r5) (a4)

(p2)

Figure 141. Proof of (p6) and (p7) [p/40, r/37-37, s/30].
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g

−2

g g gg g

(a4)
(a2!)

(s1!)
(s4)

-3)(a1
(r10!)
(r5-5!)

−2

(a2)
(a4!)
(r5)

(s1)
(s5)

g g g g

Figure 142. Proof of (p8) [a/29, p/39, r/37-41, s/30-31].

g

gg g

g

1 1

g g

g

1
1

1

g

g g g

(r6)
(r5-5!) (a5)

(s4)
(a4)
(r5!)

Figure 143. Proof of (p10) [a/29, r/37-37, s/30].

1i 1i 1i 1i 1ig g g g g gg g g g 1i gg

(f1)
(s1!)

-3)(a1

(a5)
(a2)
(i2) (p1)

(p1)
(p5)

(s4)

Figure 144. Proof of (p11) [a/29, f/33, i/34, s/30-31, p/39-40].

! 1

! 1
! 1

1 1
1

! 1

1

1

! 1
1 ! 1

1 (f8)
(f2)

(i5)
(p1)

(p4)

(r6)

1i 1i 1i 1i 1i 1i 1i

(i5)
(i5)

(s3)
(s5)(a4)

(i1 !)

(a5)

(s3)
(s3)

(a4 !)
(r5)

(a2)
(a4 !)
(s1 !)

-3)(a1

Figure 145. Proof of (p12) [a/29, f/35, i/34, p/39, r/37-37, s/31].

1 1

gg gg g
1

g

1

! 1

gg

1 1

1

gg

2
1

gg
2

(f1) (p10)
(f1)
(r3)

(r5-5 ′)

(p11) (p6)

Figure 146. Proof of (p3) [f/33, p/40, r/37].

The proof of the moves in Figure 56 is given in Figures 141Ð145.We limits
ourselves to considerthe moves (p6)Ð(p10), being the proof of the corresponding
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moves(p60)Ð(p100) analogous.Observe that (p9) follows from (p8) in the sameway
as (p7) follows from (p6) (cf. Figure 141) and we leave the proof to the reader.

Finally, we prove (p3) in Figure 146.
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