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Abstract
In [2] it is shown that up to certain set of local moves, connected simple cov-
erings of B branched over ribbon surfaces, bijectively represent connected ori-
entable 4-dimensional 2-handlebodies up to 2-deformations (handle slides and
creations/cancellations of handles of index ! 2). We factor this bijective cor-
respondence through a map onto the closed morphisms in a universal braided
category H" freely generated by a Hopf algebra object H. In this way we obtain
a complete algebraic description of 4-dimensional 2-handlebodies. This result is
then used to obtain an analogous description of the boundaries of such handlebod-

ies, i.e. 3-dimensional manifolds, which resolves for closed manifolds the problem
posed by Kerler in [13] (cf. [21, Problem 8-16 (1)]).
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1. Introduction

During the last twerty yearsthe dewelopmerts in the quartum theory have build
a bridge betweentwo distinct areasof mathematics:the topology of low dimensions
(2, 3 and 4) and the theory of Hopf algebras.An important result in this direc-
tion is the one of Shum [27], which statesthat the category of framed tanglesis
equivalert to the universal monoidal tortile category generatedby a single object.
Sincethe categoryof represetations of a wide classof Hopf algebras,the so called
ribbon Hopf algebras,is a tortile monoidal category (cf. [25, 16] etc.), the result of
Shum implies that the subcategorygeneratedby any represemation of sucd a Hopf
algebraproducesan invariant of framedtangles.Framedtanglesand links areinter-
estingand rich object of study by themseles,but through surgerythey are alsothe



main tool of describing3- and 4-dimensionalmanifolds. Actually, 4-dimensional2-

handlebodies modulo 2-deformations(handle slidings and addition/deletion of can-
celing handlesof indices! 2), bijectively correspnd to the equivalenceclassesof

Kirby link diagramsmodulo Kirby calculusmoves(cf. [6] and Section2 below), while

3-dimensionalmanifolds bijectively correspnd to the equivalenceclassef framed
links modulo the Fenn-Rourke move [5]. Reshetikhinand Turaev [25] usedthis last

fact to construct invariants of 3-manifolds,by shaving that somebnite dimensional
Hopf algebrashave a Pnite subsetof represetations S, sud that a proper linear
combination of the framedlink invariants correspnding to the elemerts of S, is also
invariant under the Fenn-Rourlke move. On the other hand, Hennings[9] dePned
invariants of 3-manifolds starting directly with a unimodular ribbon Hopf algebra
and a trace function on it. Eventually Lyubashenlo and Kerler [12] constructed 3-
manifold invariants (2+1 topological quartum Peld theory) out of a Hopf algebra
in a linear abelian braided monoidal categorywith certain coends,and shoved that

Reshetikhin-TuraevOsind HenningsOnvariants are particular casesof sucn more
generalapproad (cf. [10]).

All theseresultslead Kerler to debPnein [13] a surjective functor from a braided
monoidal category Alg, freely generatedby a Hopf algebraobject, to the catego-
ry of 3-dimensionalrelative cobordisms Cob®** . Moreover he asked what additional
relations should be introducedin Alg, sothat the functor above dePnesan equiv-
alencebetweenthe quotiert of Alg by theserelations and Cob*** (cf. [21, Problem
8-16(1)]). Finding theserelations would completethe characterization of Cob**! in
purely algebraicterms.

In the presen work we proposetwo new relations sud that the correspnding
functor on the quotient inducesa bijective map betweenthe closedmorphismsof the
algebraiccategoryand the set of closedconnectedorientable 3-manifolds,obtaining
in this way an algebraiccharacterization of sudy manifolds.

Our approad is independert of KerlerOsvork. Actually, we obtain the result
for 3-manifolds as a consequencef the algebraic description of 4-dimensional2-
handlebodies modulo 2-deformations.

In particular, we construct a bijective correspndencebetweenthe set of equiva-
lenceclasse®f connected4-dimensional2-handlelmdiesmodulo 2-deformationsand
the set of closedmorphismsof a universal categoryH". The objects of H” are the
elemens of the free (", 1)-algebra on a single object # and H" is universal with
respect to the properties that:

a) H is a unimodular braided Hopf algebra;

b) thereis a specialmorphismv : H # H which makes H into aribbon algebraas
debnedin 6.2 (over the trivial groupoid: one object and onerelation).

We point out the following dilerencesbetweenH™ and the algebraA lg proposed
by Kerler in [13].

Firstly, sincewe are interestedin 4-dimensional2-handletodies, we do not re-
quire that the Hopf copairing 1l # H " H is non-degenerateSud condition is
equivalert to the requiremen that the algebraintegral and cointegral are dual with
respect to this copairing (cf. (34) in [13]) and is necessaryonly when one restricts
to 3-manifolds(cf. 6.9).



Secondly we introducethe ribbon morphismasa morphismv : H # H instead
ofvg : 1 # H asit isdonein [13]. Thesetwo ways are equivalert, beingv obtainable
by taking the product of vk with the identity morphismon H and then composing
with the multiplication. Howewer, viewing the ribbon morphismasa morphismfrom
the algebrato itself allowsto talk about its propagationthrough the diagrams,which
Is a main tool in the proofs.

Besidesthese cosmeticdilerences, the new relations with respect to the ones
given by Kerler are (r10) and (r11) in 6.2. The brstonedescrikesthe propagation of
the ribbon morphismthrough the copairing,and the secondonerelatesthe copairing
and the braiding morphism.

Before stating the main results, we would like to sketch our approad to the
problem. In [13] Kerler constructs a functor from the algebraic category to the
categoryof Kirby tangles(similar map is presened alsoin [8]). The main di"cult y
in going the other way consistsin the fact that the elemeriary morphismsin the
universal braided Hopf algebraare local (involve only objects which are Oclose@
eat other), while handle slidesin generalare not. So,to be able to go naturally
from the topological categoryto the algebra,onewould like to have an alternative
description of the topological objects in which the moves of equivalenceare more
similar to the algebraicones.For 4-dimensional2-handletpdies sud description is
givenin [2] in terms of simple coveringsof B* branched over ribbon surfaces.

In particular, starting from a surgery description of a connected4-dimensional
2-handlelody M asan ordinary Kirby diagram K (with a single0-handle),in order
to obtain a descriptionof M asa simplecovering of B* of degreen $ 4 branchedover
aribbon surface,one prst stabilizeswith n %1 pairs of canceling0/1-handles. This
transforms K into a generalizedKirby diagram K, which represets the attaching
maps of the 1- and 2-handleson the boundary of the n 0-handles.The generalized
Kirby diagramsdi'er from the ordinary onesby the fact that in them ead side of
the spanning disks of the dotted componerts and eatc componert of the framed
ones,after cutting them at the intersectionswith those disks, carriesa label from
{1,2,...,n}, indicating the O-handlewhereit lives. Examplesof generalizedKirby
tanglesare shavn in the right column of Figure 1, while the precisedePnition can
be found in Section 2. By using the extra 0-handles, K can be symmetrized and
the resulting diagram is interpreted as a labeled ribbon surface Fx in B*, that
Is the brandhing surface of an n-fold covering. Moreover, if we change M by 2-
deformation, i.e. change K by Kirby calculus moves, Fix changesby a sequenceof
local moves (1-isotopy and ribbon moves). The correspndencek &# I between
labeledribbon surfacesmodulo 1-isotopy and ribbon moves,and generalizedKirby
diagramsmodulo Kirby calculusmoves,is invertible (for the debnitionof the inverse
F &# K, seeSection2 in [2] and Section4 below).

Therefore,in order to obtain the desiredalgebraicdescription of 4-dimensional
2-handlelndiesit is enoughto factor the correspndencel’ &# K through a map
onto the morphisms of the algebraic category and sincethe equivalencemoves on
ribbon surfacesare local, this should be relatively easyto do. Yet, thereis a price to
pay: we will needa family of ribbon Hopf algebrasH, which generalizeH” = Hj
and descrile 4-dimensional2-handlelodieswith »n 0-handles.Then we will alsoneed
a OreductionGnap, which is the algebraicanalogof cancelingpairs of 0/1-handles.
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As one may expect, the construction of this map is the main technical di"cult y to
be overcome.

We now proceedwith some more details and list the main results. Given a
groupoid G, we debnea ribbon Hopf G-algebrain a braided monoidal category
(generalizingthe concept of group Hopf algebra descriked in [29]) and introduce
the universal category H"(G) freely generatedby a ribbon Hopf G-algebra. Our
basicexampleof a braided monoidal categorywith a ribbon Hopf G-algebrain it, is
the category of admissiblegeneralizedKirby tanglesK,, with n labels (equiv. n O-
handles)modulo slidesof handlesof index! 2 and creations/cancellationsof pairs of
1/2-handles.In this case,G = G, is the groupoid with objects1,2,...,n andasingle
morphism, denotedby (i, j) betweenany i and j. In particular, if H? = H"(G,) we
have the following theorem, which extendsresults of Habiro [8] and Kerler [13].

Theorem 1.1. Thereis a braided monoidal functor #,, : H # K,,.

The elemertary morphismsin H and their imagesunder #,, are presened on
the right in Figure 1 (one needsto add the inversesof the braiding, the antip ode
and the ribbon morphism, but this is straightforward).

Another classof braided monoidal categorieghat weintroducearethe categories
S,, of ribbon surfacetangles(rs-tangles)labeled by transpositionsin the symmetric
group $.,..

A smooth compact surface I’ ' B* with BdF ' S® = R3( ) is calleda
ribbon surfaceif the Euclidean norm restricts to a Morse function on F with no
local maxima in Int F. Then an rs-tangle should be thought as a slice of a ribbon
surface We presen ribb on surfacesand rs-tanglesthrough their projectionsin k3. In
particular, the objectsin S,, areintervals labeledby transpositionsin $,,, while any
morphismis a composition of juxtap ositions of the elemenary morphismspresened
on the left in Figures 1 and 2 (the transpositions (: j) and (k [) in Figure 2 are
assumedto be disjoint, i.e. {i,j} * {k,1} = ®). The relations in the category are
given by 1-isotopy moves, which are special type of isotopy moves, and the two

\I]<
(ij) (kn (i,j) (k1)
\I}<

iy () ) ()

Figure 2. ((ij) and (k1) disjoint)



ribbon moves presened in Figure 3, where (i j) and (k [) are disjoint. It is not
known if 1-isotopy coincideswith isotopy of ribbon surfacesfor somediscussionof
this problem we refer the readerto [2].

(i k) (i)

(i k)
A >>xx f% 2
(i) Gk (i @ij) (0 (i
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Figure 3. Ribbon relations in S, ((i j) and (k |) disjoint).

Obsene that eaty morphism in the monoidal categorieswe are consideringis
a composition of products (juxtap ositions) of elemenary onesand any elemenary
morphism involves someset of labels, which are morphismsin a given connected
groupoid G (G = G, for K,, andH, while G= $,, for S,)). Then we call a morphism
completeif the labels occurring in it together with the idertities of G generateall
G, i.e. any elemen of G which is not an identity can be obtained as a product of
thoselabelsor their inversesAs it will be shown later, for ead oneof the categories
used, the notion of completenesds well-posed,i.e it is presened by equivalence
of morphisms. In particular, a generalizedKirby diagram is completeif and only
if it descrikesa connected2-handlelody. Analogously a labeled ribbon surfaceis
completeif and only if it describesa connectedbrandhed covering.

Given sud a monoidal categoryC, we denotehby C the setof closedmorphisms,
i.e. the oneshaving 1 (the empty object in H], and K,,) as sourceand target, and
by C' Cthe setof closedcompletemorphlsms

For m < n, there is an injection , | : Kfn # IZ% which sendsK - K¢ to
its disjoint union with n % m dotted componerts of labels (m,m + 1),(m + 1,
m+ 2),...,(n%1,n). Wecall, ;. K the n-stabilization of K. In the handlebody, de-
scribedby K, this correspndsto the creationof n%m pairs of canceling0/1-handles.
As it is well known (cf. Section2), any connectedhandlebody with n 0-handlesis
equivalent (through 1- and 2-handleslides)to the n-stabilization of a 2-handlelody
with m < n 0-handles.Thereforethe stabilization map is invertible, and its inverse
o Ke# Ke will be calleda reduction map.

The next theorem states the existenceof analogousmaps betweenthe closed
complete morphismsin H! and H] with m < n. Hopefully without causinga
confusion,we usefor thesemapsthe samenotation asfor the correspnding maps
betweengeneralizedKirby diagrams.

Theorem 1.2. leen m < n, there exist a stabilization map , ;, CHre# Hre
and a reduction map .” : H"< # H"< which are the inverseof ea another sudw
that #,,/ ,,, =,/ #n,

Onecanalsodebnea stabilization map, | : SAfﬂ# SA; betweenthe correspnding
setsof labeled ribbon surfaces,by sendingF - S, to the disjoint union of F' and
n %m disks labeled by the permutations (m m+ 1), (m+1m+2),...,(n%l n), and
we denoteby , ;, F' the n-stabilization of F. Proposition 4.2 in [2] statesthat this
map is invertible for n > m $ 3 (that isany F’ - S¢ is equivalert through 1-isotopy



and ribbon movesto the n-stabilization of a surface F” - SAfn). The inverseis called
again a reduction map and is denotedby . : S¢S # S;.

Recallthat our goalis to factor the bijective correspndencel’ &# K between
the setS¢ of completelabeledribbon surfacesand the setK¢ of completegeneralized
Kirby diagramswith n $ 4, through a map onto the closedcompletemorphismsin
the universal algebraiccategoryH . This is done by debninga functor S, # H/
and then composingit with #,,. Obsene that the objectsin S,, and H! are not the
same:in S, they are intervals labeled by simple permutations, i.e. unorderedpairs
of indices, while in H’ they are intervals labeled by morphismsin G,, i.e. ordered
pairs of indices. Then, any functor S,, # H! requiresa choice of an ordering of the
indices. Howe\er, its restriction to the closedmorphismsis independert on sud a
choice,asindicated in the next theorem.

Theorem 1.3. Let < denotea strict total order on the set of objects of G,.
Then there exists a braided monoidal functor %; : S, # H!. Moreover, if <’ is
another strict total order on the set of objects of G,, there is a natural equivalence
T %; # %,fl which is identity on the empty set. In particular, the restriction of
%; to S, is independert on < and is denotedby %,.

On the left in Figures1 and in Figure 2 we preset the imagesunder %; of the
elemenary morphismswith somechoicesof labels.We assumei < j < kandi’ < j
in Figure 1, and i < j, k < I, {k,1} * {i,7} = ® in Figure 2. The imagesunder
%; of elemenary morphismswith dilerent orderingsof the labels are similar (see
Section9).

The following theorem summarizesand completesthe algebraic description of
4-dimensional2-handlelodies.

Theorem 1.4. Forn $ 4 thereis a commutativ e diagram of bijective maps:

N F—Kpg N 1 N
C C
Se K¢ = K,
" | \Ll
n n
|
n l
o~ 1 o~ o~
re —— r o= r
Hr¢e———H" = H]

1

Obsene that, since F' &# K is a bijective map, the comnutativit y of the di-
agram implies that %, is injective and #,, is surjective. Therefore to prove the
bijectivity of all mapsin the diagramit is enoughto show that %, is alsosurjective
whenn $ 4.

In order to deal with 3-manifolds we basically needto quotient all the cate-
goriesinvolved in Theorem 1.4 by someadditional relations. Indeed, accordingto
Kirby [14],we canthink of closedconnected3-manifoldsasconnected4-dimensional
2-handleldiesmodulo 1/2-handle trading and positive/negative blowups. The quo-
tient categoryof K,, modulo theseextra relations is denotedby 0K,,. Analogously
following [2], one can introduce in S, the additional local relations preserted in
Figure 4. Thoserelations presene up to isotopy the boundary of the ribbon surface
while changingits Euler characteristic. Let 0S,, denotethe quotient of S,, modulo
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these additional relations. Then Theorem 2 in [2] statesthat F' &# Kr dePnesa
bijective correspndencebetweendS¢ and OK¢ for n $ 4.

YY Il ¥\

(i 5) (i ) (ij) (ij) (i 5) (i ) (i 4)
Figure 4. Additional relations in ! S,,.

In the samespirit, in Paragraph6.9we introducetwo additional relationsin H :
the brst one statesthe duality of the algebraintegral andcoirtegral with respect to
the copairing, and the secondoneis a normalization in sensethat a specibcclosed
morphismis sert to the trivial morphismon 1. Let OH], denotethe quotient of H,
modulo thesetwo relations and put JH" = 0H]. Then the algebraicdescription of
3-manifoldsfollows from our last theorem.

Theorem 1.5. The braided monoidal functors #,, and %, induce well debned
functors o#,, : OH, # 0K, and 0%, : 0S, # OH] betweenthe qugtiert catAegories.
Moreover, , ;, and . 7 induce well dePnedbijective mapsd, ;, : OH* # OHJ< and
g.% OHI # OHTc, for any m < n. Consequetly, the comnutativ e diagram in
Theorem 1.4 inducesan analogouscommutativ e diagram of bijective mapsbetween

the correspnding quotient sets.

Comments and open questions

a) The proofs of all theoremsare constructive, i.e. the functors #,,,%, and the
map ... are explicity debned.Moreover, oncewe know that #, is a bijection
on the set of closedmorphisms, it is easyto descrite its inverse,i.e. the map
which asseiatesto eat surgerydescription of a 4-dimensional2-handlendy a
morphismin H", without passingthrough S (cf. 7.3).

b) The reader might wonder why we have introduced the general concept of a
groupoid ribbon Hopf algebra, even if it is being usedonly in the caseof a
specibcand very simple groupoid. The reasonsare two. The Prst one is that
working with the generalcasedoesnot make heavier the algebraicpart, actually
it makesit easierto follow. The secondone is that, in our beliewe, the group
ribb on Hopf algebra(which is another particular caseof the construction) should
be usefulin Pndingan algebraicdescriptionof other typesof topologicalobjects,
for examplethe group manifolds studied in [29].

¢) The only reasonfor which our result concernsclosed3-manifoldsand not cobor-
disms, is becauseit is basedon the result of [2], wherethe map F &# K is
debnedand shavn to be a bijection only for surfaces/linksand not for tangles.
Newerthelessthe whole spirit of the presen work (obsene that the factorization
of F &# K is donethrough functors debPnedon the categoriesof tangles), sug-
geststhat thesefunctors themselesare probably equivalencesof categoriesi.e.
that OH" is indeedthe categorywhich represets the algebraiccharacterization
of the 3-dimensionalrelative cobordisms (see[13]).

-8 —



d) By restricting the map . 2/ %, to doublebranched coveringsof B, i.e. to ribbon
surfaceslabeled with the single permutation (1 2), one obtains an invariant of

ribbon surfacesembeddedin R* under 1-isotopy taking valuesin H™.

e) Obviously, given any particular braided (selfdual) ribbon Hopf algebraover a
ring, Theorem1.4(resp. Theorem1.5) canbe usedto construct particular invari-
ants of 4-dimensional2-handlelodies (resp. 3-manifolds). All examplesof sut
algebrasthat we know are simply braidings of (ordinary) Pnite-dimensionaluni-
modular ribbon Hopf algebras,thereforethe resulting invariants are the HKR-
typeinvariants from [1] (for the debnitionof the braided Hopf algebraasseiated
to an ordinary ribbon Hopf algebra, seefor exampleLemma 3.7 in [29]). Nev-
erthelesswe do not know if any Pnite-dimensionalbraided ribbon Hopf algebra

~No o~ WNBRE

10
11

is a braiding of an ordinary one.
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2.1. A Kirby diagramdescritesan orientable 4-dimensional2-handletody H°(
Hi(...( Hy( Hf ( ...( HZ with only one0-handle,by encaling 1- and 2-handles
in a suitable link K ' S® =~ Bd H°. Namely, K hasp dotted componerts spanning
disjoint RBat disks which represem the 1-handlesand ¢ framed componeris which
determine the attaching maps of the 2-handles.We refer to [14] or [6] for details
and basicfacts about Kirby diagrams,limiting ourselesto recall hereonly the ones
relevant for our purposes.

The assumptionof having only one0-handle,is crucial in orderto make a natural
convertion on the framings, that allows to expressthem by integersbxing as zero
the homologicallytrivial ones.

Howewer, we renouncethis advantage on the notation for framingsin favour of
more 3exibility in the represemation of multiple 0-handles.The reasonis that an
n-fold covering of B* branched over a ribbon surfaceturns out to have a natural
handlebody structure with n 0-handles.

We call a generalizedKirby diagram a represemation of an orientable 4-dimen-
sional 2-handlelody with multiple 0-handles.It is essetially debnedby idertifying
the boundariesof all 0-handleswith S (where the diagram takes place), and by
putting labelsin the diagramin order to keeptrace of the original 0-handlewhere
eat part of it is from. If there is only one 0-handle,the labels can be omitted and
we have an ordinary Kirby diagram.

More precisely a generalizedKirby diagram represeting an orientable 4-di-
mensionalhandletoby H? ( ... ( H( Hi( ... ( Hy ( Hf ( ...( H} consistsof
the following data: a boxed label indicating the number n of 0-handles;p dotted
unknots spanningdisjoint RBat disks, eat side of which hasa label from {1, ..., n};
q integer framed disjoint knots transversalwith respect to those disks, with a label
from {1,...,n} for eathh componert of the complemen of the intersectionswith
the disks. The labeling must be admissiblein the sensethat all the framed arcs
coming out from one side of a disks have the samelabel of that side (cf. Figure
5). This rule makesthe labeling redundart and sometimeswe omit the superf3uous
labels. Moreover, the framings are always drawn as parallel curves,i.e. the undotted
componerts represeh embeddingsof S*0 I in RS

To establish the relation between a generalizedKirby diagram and the han-
dlebody it represems, we Prst corvert the dot notation for the 1-handlesinto a
ball notation, as shovn in Figure 5. Here, the two balls, together with the relative
framed arcs, are symmetric with respect to the horizontal plane cortaining the disk
and squeezinghem vertically on the disk we get bad the original diagram. After

Figure 5. One-handle notation.
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that, we take a disjoint union of n 4-balls H? ( ... ( H?, which are goingto be the
0-handles,and draw on the boundary of ead H? the portion of the diagram labeled
with 7. Then, we attach to H?( ...( H? a 1-handlebetweenead pair of balls (pos-
sibly lying in dilerent O-handles),accordingto the di'leomorphism induced by the
above symmetry, sothat we canjoin longitudinally alongthe handlethe correspnd-
ing framedarcs. Of course the result turns out to be debnedonly up to 1-handlefull
twists. At this point, we have a 1-handletody H? ( ... ( HJ( Hi ( ...( Hj with ¢
framedloopsin its boundary and we usesud framedloopsasattaching instructions
for the 2-handlesH?, ..., HZ.

We obsene that any orientable 4-dimensional2-handlebody can be represetr
ed, up to isotopy, by a generalizedKirby diagram. In fact, in order to reverseour
construction, we only needthat the identibcation of the boundariesof the 0-handles
with S2 is injective on the attaching regionsof 1- and 2-handlesand that the attach-
ing maps of the 2-handlesrun longitudinally along the 1-handles.Theseproperties
can be easily achieved by isotopy.

The above construction givesisotopic handlebody structures if and only if the
starting generalizedKirby diagramsare equivalert up to labeledisotopy, generated
by labeleddiagramisotopy, preservingall the intersectionsbetweenloopsand disks
(as well aslabels), and by the three movesdescrited in Figure 6. Here, in the last
move we assumek = [, sothat the crossingchangeat the bottom of the bgure
presenes the isotopy classof the framed link in H? ( ... ( H)( Hi ( ... ( H,.
It is due to this crossingchangethat the framing corvertion usually adopted for
ordinary Kirby diagramscannot be extendedto generalizedKirby diagrams.On the
cortrary, the other two movesmake sensewhatewver are ¢, j and k. In particular, if
i = j = k they reduceto the ordinary ones.Actually, this is the only relevant case
for the secondmove, usually referredto asOslidinga 2-handleover a 1-handleOsince
the other casescan be obtained by crossingchanges.Moreover, even this ordinary
casebecomessuperf3uousin the context of 2-deformations,sinceit can be realized
by addition/deletion of cancelingl/2-handlesand 2-handleslides(cf. [6]).

- HH JeH

H H n \H I\JIHI

[

J J

H

i 1',

IH\ ] H

Al

]

nn i
nn "
—_—

k

AN AN
Figure 6. Labeled isotopy moves (k = | in the last crossing change).
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The following Figures 7 and 8 represen 2-deformations of 4-dimensional 2-
handlebodiesin terms of generalizedKirby diagrams.Namely: the movesin Figure
7 correspnd to addition/deletion of canceling0/1-handlesand 1/2-handles, where
i ! n and the cancelingframed componer in the bottom move is assumedto be
closed;the movesin Figure 8 correspnd to 1- and 2-handleslidings (in the low left
cornerof the Pgurewe assumethat the two framed segmets correspnd to di'erent
componerts of the link). Except for the addition/deletion of canceling0/1-handles,
which doesnot make sensdor ordinary Kirby diagrams,the rest of the movesreduce
to the ordinary onesif i = j = k.

{1,..., n}-labelled {1,..., n}-labelled
L% - 1
dotted/framed link nt dotted/framed link

n+1

i
{1,..., n}-labelled ~—s {1,..., n}-labelled b

dotted/framed tangle dotted/framed tangle g

LJ

Figure 7. Addition/deletion of canceling pairs of handles.

—_— — —_— —

| i

i i i i

4=

1
1
‘

,. i Tzl
BN -1

Figure 8. Handle slidings.

The 1-handle sliding is included for the sake of completenessput it can be
generatedby addition/deletion of cancelingl/2-handles and 2-handle sliding, just
like in the ordinary case(cf. [6]).

Summing up, two generalizedKirby diagramsrepresen 2-equinalert 4-dimen-
sional2-handlelodiesif and only if they canberelated by the brstandthird movesin
Figure 6 (labeledisotopy), the two movesin Figure 7 (addition/deletion of canceling
handles)and the secondmove in Figure 8 (2-handlesliding).

Of these,only the brst move in Figure 6 and the secondonesin Figures7 and
8 (for i = 7 = n = 1) make sensen the caseof ordinary Kirby diagrams.Actually,
sudh three moves su“ce to realize 2-equivalence of 4-dimensional2-handlelodies
with only one 0-handle,sinceany extra 0-handleoccurring during a 2-deformation
can be eliminated by a suitable fusion of 0-handles.

2.2. Givenany generalizedKirby diagram K represeting a connectedhandle-
body with n 0-handles,we can use 2-deformation movesto transform it into an
ordinary one, by reducing the number of O-handlesto 1. In fact, assumingn > 1,
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we can eliminate the n-th 0-handleas follows. Sincethe handlebody is connected,
there exists at least one dotted componert sud that one side of its spanningdisk
is labeled by n, and the other oneis labeledby i # n. We may assumethat all suc
disks lie in the zy plane with the side labeledn facing up. Moreover, by changing
the crossingsf framed componerts with dilerent labelsand by isotopy we may also
assumethat the diagram intersectsthe zy plane only in these spanningdisks and
that all dotted and framed componerts above the zy plane cortain only the label
n. Now we chooseone of the componerts in the xy plane,say U of label (ig, n), and
slide it over all dotted componerts in this plane changingtheir labelsfrom (i, n) to
(7,10) (cf. the top move in Figure 8). Then we pull U up until it becomesdisjoint
from the rest of the diagram and this changesthe labels of the dotted componerts
above the plane from (n,n) to (ig, ). The resulting diagram is the disjoint union
of U and a diagram KV which doesnot cortain the label n. Finally we cancelthe
n-th O-handlewith the onehandlerepreseted by U. An exampleof sut reduction
is preserted in Figure 9, wherethe 1-handleU is the onein the upper right corner
of the diagram. Obsene that if we had chosenanother 1-handle,for examplethe
onein the lower left corner, we would obtain the diagram on the right in Figure 10
which, asit is shown in the Pgure(and asit shouldbe), is equivalert to the previous

onethrough 1-handleslides.
W] %@1
l

b

@@ f@
T %ﬂj <

Figure 10.
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2.3. Now we introducethe notion of an admissiblegeneralizedKirby tangle and
organizesud tanglesinto a monoidal category

Werecallthat a braided monoidalcategory(C, ", 1, ¢4, at, «,7) is a categoryC
equipped with a functor " : CO C# C, an object 1 - C and natural isomorphisms:

tatl"A# A,
at A" L# A,
aapc: (A" B)Y"C# A" (B" C) (assiativity),
vap: A" B# B" A (commutativity or braiding),

which satisfy a well known set of axioms (seefor example [27]). " is called the

product of the category In the category of generalizedKirby tanglesthis product

will be given by the juxtaposition of diagrams. This is possibleonly if the number

of the 0-handles(labels) is Pxed;otherwisethe equivalencemove presened on the

top in Figure 7 would violate the monoidal structure. So,in what follows we assume
that the box of all diagramscortains a bxedn, and thereforewe omit it.

A generalizedKirby tangle is a slice of a generalizedKirby diagram, i.e. the
intersection of a generalizedKirby diagram K with R? 0 [0, 1], where the dotted
componerts of K (and their spanningdisks) do not intersect ?? 0 {0, 1}, while the
framed componerts of K intersect k20 {0, 1} transversely Two generalizedKirby
tanglesare equivalent if they can be transformedinto ead other through ambient
isotopy of R? 0 [0, 1], the brst and the third movesin Figure 6, the lower move in
Figure 7, and the secondmove in 8, leaving R?0 {0, 1} bxed.Moreover, in the move
in Figure 8 we assumethat the two segmets belongto dilerent componerts of the
tangle and that the componert over which the sliding is doneis closed.

We debnethe categoryK,, of (n-labeled)admissiblegeneralizeKirby tanglesas
follows. An object of K,, is an orderedsetof pairsof intervals{ (77 , I;), ..., (I, I;)}
in R ' R? ead one labeled with pair of numbers (i, ,4,), 1! i ,i, ! n. To
simplify the notation wewill often denotesud object simply by the orderedsequence
of labels. A morphismin K,, is givenby a generalizedKirby tangle ead componert
of which is either closedor intersectsat most oneof the planesR?0 {0} and k20 {1}
in a pair of intervals (I, , I,,), in sud a way that the label of ead interval coincides
with the label of the framed componert to which it belongs.Moreover, any open
componert hasa half-integerframing. The composition of two morphismsis obtained
by identifying the target of the brst onewith the sourseof the secondand rescaling.
Obsenethat our notion of admissibletanglesis morerestrictive than the onein [19]
and [12], but this is all we need.K,, is a braided monoidal categorywith respect to
juxtap osition of diagrams.In particular, 1 is the empty set, the identity on (i, j) and
the braiding morphisms~; ;) (+ ;) and y(g!fj!)’(i’j) are preserted in Figure 11, while
L4, at and the assaiativity morphismsare the identities.

i

1l o 2%

)

| ” J'I m\j ﬁi\/

i] ]

Figure 11. Identity and the braiding morphisms in K,,.
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We recall from the Introduction that a morphism K in K,, is closedif it has
the empty object as sourseand target. Moreover, K is completeif the labels of the
dotted componerts (taken as ordered pairs of indices) together with the idertities
(i,7), i = 1,...,n, generateall the groupoid G,. Equivalertly, K is completeif and
only if the graph having n orderedverticesand oneedgeconnectingthe i-th and the
j-th vertex for any dotted componert of label (i, j), is connected.To seethat the
notion of completenesss well-posedwith respect to equivalencesof morphisms,we
obsene that the only move in which a dotted componert may appear or disappear
is the bottom move in Figure 7 where if there i = j, neccesarilythe cancelling
framed componert passeshrough other 1-handesthe correspnding edgesof which
connectthe i-th and the j-th vertex of the graph. In particular, removing or adding
the edge correspnding to the cancelling dotted componert does not changethe
connectednessf the graph.

Let K¢ denotethe set of closedcompletemorphismsin K,,. Of course,a closed
morphism is complete if and only if the correspnding handlebody is connected.
Then the stabilization with an 1-handleof label (n + 1,7) showvn in the upper part
of Figure 7 debnesa bijective map ,"*1 KC # Kn+l, while the procedure of
reducmgthe number of O-handlesgivenin 2.2 represets its inverse. wrl KC+1 #

. Obsene that ,""' K - KC 4 and K - KC descrike the same4 dimensional
2-hand|eb3dy up to 2- deformation.

2.4. Evenif it isirrelevant for the presen work, we would like to point out that
the category K,, is equivalert to the category of n-labeled 3+ 1 cobordisms Cob,,
(for n = 1 seeSectionl1 in [11]). The objects in Cob,, are oriented 3-dimensional
1-handlelodies with n 0-handles.Given two sud handlebodies M, and M, respec-
tively with s andr 1-handleslet N(M,, M,) denotethe 3-dimensionall-handlelody
obtained from M, 1 M, by attaching for any i ! n a single 1-handleconnectingthe
i-th 0-handlesof M, and M,. We can cancelthe new 1-handlesagainst someof the
0-handlesthinking of N(M,, M,) asa 3-dimensionall-handlelody with n 0-handles
aswell. Then a morphismW : M, # M, is arelative (4-dimensional)2-handlelndy
build on N(M,, M,). Note that the term relatitv e handlebody build on M, is usually
limited to the casewhen M is a closed3-manifold, but the generalizationis straight-
forward: we attach 1- and 2-handleson N(M,, M,)0 {1} ' N(M,, M,)0 [0, 1]. Then
Wi, W : My # M, are called 2-equinalent if they are obtained from ead other by
a 2-deformation,i.e. changingthe attaching mapsof the handlesthrough isotopy or
adding/deleting a cancelingpair of 1/2-handles. Obviously thesehandle movesare
limited to N(M,, M,) 0 {1}. The composition of two relative cobordims W : M, #
M, and W' : M, # M, is obtained by gluing through an oriertation reversing
homeomorphismM/,.0 {0} * N(M,, M,)0 [0,1]and M, 0 {Q} * N(M,, M,;) 0 [0, 1]
and canonically idertifying the resulting manifold as N(M,, M;) 0 [0, 1] on which
we have attached r 4-dimensionall-handles.

Any morphism K : { (i1 ,i1), ..., (i5,3)} # {(1,J1),---, (4}, 4,)} canbeeas-
ily seenasdescribinga cobordism W (K) : My # M, by composingit (if necessary)
with the identity morphismsas shown in Figure 12.

2.5. The main theorem of Kirby calculus [14] assertsthat two orientable 4-
dimensional2-handlelndies have di'leomorphic boundariesand the samesignature
if and only if they are related by 2-deformationsand 1/2-handle trading, while two
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{1,...,n}-labelled {1,..., n}-labelled
dotted/framed tangle dotted/framed tangle

R &

i1 ‘1 i ‘2 i ’1 i '2

Figure 12. Identifying a morphism in K,, as relative cobordism.

orientable 4-dimensional2-handlelodies have dilfeomorphic boundariesif and only
if they are related by 2-deformations,positive/negative blowing up/down and 1/2-
handle trading.

In terms of generalizedKirby diagrams these last three modibcations can be
realizedby the movesin Figure 13. Thesemovesessetally coincidewith the cor-
responding onesfor ordinary Kirby diagrams(with i = n = 1), being the involved
labels all the same.

As it is shown in Figure 14 (a), modulo 2-deformations,1/2-handle trading is
equivalert to 1/2-handle trading for a cancelingpair, which is the move presened

{1,..., n}-labelled {1,..., n}-labelled
NN
@ dotted/framed tangle @ dotted/framed tangle

—— ——

@) T._) o ﬂ:% i

—_—
I I

Figure 13. Blowing up/down and 1/2-handle trading.

—_— —_— —_— —_—

T

[ —_— [
i i i i

0 DO D D s

Figure 14. Reducing blowing up/down and 1/2-handle trading to special cases.

i i i i
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in Figure 15 (a). Moreover, the relation in Figure 14 (b) implies that in 0*K,, a
negative blow up can be obtained through 2-deformationsand 1/2-handle trading
from the positive one (Figure 15 (b)). Thereforewe debnethe category0*K,, to be
the K,, modulo the relation in Figure 15 (a), while 0K,, to be the K,, modulo the
relationsin Figure 15(a) and (b). From [14]and the discussionabove it follows that
the closedmorphisms9*K,, in 9*K,, descrite framed 3-manifolds, while the closed
morphismsoK,, in OK,, descrilke 3-manifolds.

U‘MC_MD‘ «w@

(a) (b)

Figure 15. Additional relations in ! *K,, and ! K,,.

3. The category S, of labeled rs-t angles

We review the notion of ribbon surfaceand 1-isotopy of sud surfacesfrom [2].
A smooth compact surface ' ' B* with BdF ' S° is called a ribbon surface
if the Euclidean norm restricts to a Morse function on F' with no local maxima
in Int 7. Assuming F ' R* ' R* ( {)} 2 B4 this property is topologically
equivalert to the fact that the fourth Cartesian coordinate restricts to a Morse
height function on F with no local maxima in Int F. Such a surface F ' R* can
be horizontally (preservingthe height function) isotoped to make its orthogonal
projection into k3 a self-trans\ersal immersed surface, whosedouble points form
disjoint arcsasin Figure 16 (a).

(a) (b)
Figure 16.

We referto sud a projection asa 3-dimensionaldiagram of F'. Actually, any im-
mersedcompactsurfacel’ ' R3 with no closedcomponerts and all self-irtersections
of which are asabove, is the diagram of a ribb on surfaceuniquely determinedup to
vertical isotopy. This can be obtained by pushingInt F down inside Int R* in sud
a way that all self-inersectionsdisappear.

In, [BP] we introduced 1-isotopy betweenribbon surfaces,to be generatedby
3-dimensionaldiagram isotopy in k3 (that meansisotopy preservingribbon inter-
sections)and the 1-isotopy movesdepictedin Figure 17.

Sincea ribbon surface F' hasno closedcomponerts, any 3-dimensionaldiagram
of it, consideredasa 2-dimensionalcomplexin i3, collapsego a graph G. We choose
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Figure 17. 1-isotopy moves.

G to bethe projection in i3 of a smaoth simplespineCNJ of F' (simple meansthat all
the vertices have valency one or three), which meetsat exactly one point ead arc
projecting to a ribbon intersection of the 3-dimensionaldiagram of /' as shavn in
Figure 16 (b). The inverseimagein G of sud a point consistsof a single uni-valert
vertex and a point in the interior of an edge,while the restriction of the projection
to G with sud uni-valert verticesremoved, is injective.

Therefore,G turns out to have only verticesof valency 1 and 3. We call singular
verticesthe tri-valert verticeslocated at the ribbon intersections,and 3at vertices
all the other vertices.Moreover, we assumehat G hasdistinct tangert linesat eah
Rat tri-valert vertex while the tangert linesto two of the edgesat a singular vertex
coincide(sincethosetwo edgedorm a unique edgeof ) and di'er from the tangert
line to the third edgeat sud vertex.

Up to a further horizortal isotopy, we can cortract the 3-dimensionaldiagram
of F' to a narrow regular neighborhood of the graph G. Moreover, by considering
a planar diagram of G, we can assumethat the diagram of £ is cortained in the
projection plane, exceptfor a Pnite number of positive/negative ribbon half-twists,
ribbon intersectionsand ribbon crossingsasthe onesdepictedin Figure 18.

SIS OR.

Figure 18.
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In this way we get a new diagram of F', consistingof a certain number of re-
gionsasthe onespresened in Figures 18 and 19, suitably connectedby 3at bands
cortained in the projection plane. We call sud diagram a planar diagram of F.

Figure 19.

Actually, a planar diagram of F' arisesas a diagram of the pair (F, G) and this
is the right way to think of it. Howewer, we omit to draw the graph G in the pictures
of a planar diagram, sinceit can be trivially recovered, up to diagram isotopy, as
the coreof the diagramitself. In particular, the singular verticesand the projection
crossingsare located at the certers of the third circle in Figure 18, while the 3at
vertices of G are located at the certers of the circlesin Figure 19. To be precise,
there are two choicesin recovering the graph G at a singular vertex, as shown in
Figure 20. They give the samegraph diagram of ead other, but diler for the way
the graphis embeddedin the 3-dimensionaldiagram of the surface.We considerthe
move depictedin Figure 20 as an equivalencemove for the pair (F,G). Up to this
move, G is uniquely determinedalsoasa graph in the 3-dimensionaldiagram of F.

Figure 20.

Like the 3-dimensionaldiagrams, also the planar onesuniquely determine the
ribbon surfacef’ up to vertical isotopy. Here, by vertical isotopy we meanan isotopy
which presenesthe brst 2 coordinates.In other words,the 3-dimensionaheight func-
tions (as well asthe 4-dimensionalone) is left undeterminedfor a planar diagram.
Of course,sud height function is required to be consistem with the restrictions
deriving from the local conbgurationsin Figure 18.

In the following, ribbon surfaceswill be always represetted by planar diagrams
and consideredup to vertical isotopy (preservingthe prst 2 coordinates).

By a ribbon surfacetangle (or simply rs-tangle) we meanthe intersectionof a
pair (F,G), consistingof a ribbon surfaceF’ and its coregraph G, with R20 [0, 1]"
R3, where F intersectstransversely R20 {0, 1} in somesetsof arcs, called boundary
arcs,and G intersectstransversely R? 0 {0, 1} in someset of points, one for eat
boundary arc, di'erent from its vertices.

Two rs-tanglesare 1-isotopicif they are related by 1-isotopy inside 2 0 [0,1]
leaving Pxeda small regular neighborhood of the boundary arcs. The rs-tanglesform
a category S whoseobjects are sets of intervals in R?, and whosemorphismsare
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rs-tanglesin which sourceand target are respectively given by the intersection of
the rs-tanglewith R20 {0} and k20 {1}. Then the composition of two morphismsis
obtained by identifying the target of the brst onewith the sourceof the secondand
rescaling.We also debnethe product of two rs-tanglesby horizortal juxtap osition.

Pr oposition 3.1. S is equivalent to the category of planar diagrams, whose
objects are bnite sequence®f disjoint intervals in R, and whose morphisms are
iterated products and compositions of the elemertary planar diagrams preseied
in Figure 21, modulo plane isotopies preservingthe y-coordinate and the moves
preserted in Figures22b25where D and D’ in moves(11), (18) and (19) correspnd
to any of the elemenary diagramsin Figure 21.

NV 'YAARK] |

(a (b) (b) () (c) (d) () () (@ (9

Figure 21. Elementary diagrams in S

V1 WW %Mﬂ

Figure 22. Planar isotopy relations in S
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Figure 23. 3-dimensional isotopy relations in S
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U (116) % (117) U (113) U

Figure 24. Graph changing relations in S

Figure 25. l-isotopy relations in S

—

The proof of Proposition 3.1 is technical but quite standard and the details are
presered in Appendix | (p. 76). Here,we only make few obsenations: moves(l1) to
(16) comefrom isotopy of (oriented with respectto the y-axis) planar diagramsin the
projection plane (but su“ce for that only up to the subsequenhmoves); moves(17)
to (115) descrike the changesunder 3-dimensionalisotopiespreservingthe ribbon
intersections;moves (116) to (118) descrike the changeswhich occur in the planar
diagram when one changesthe core graph G of F'; moves(119) to (122) represen
in terms of standard planar diagramsthe 1-isotopy movesin Figure 17.

3.2. Proposition 3.1impliesthat S is a braided monoidal categorywith respect
to juxtap osition of diagrams:1 is againthe empty set, the braiding morphisms~;
and ;. 7 are presened in Figure 19 (f) and (f), while ¢4, 4 and the assaiativity
morphlsmsarethe idertities. In fact, aswe will show, S carriesalsoautonomousand
tortile structures. Recall from [27] that an autonomousbraided monoidal category
(C ", 1, 14, at, a,7,&, N) is abraided monoidal categoryC in which every object A
hasa right dual (A*, &4, A4), wherethe morphisms

& :1# A*"™ A (coform)
gt A" A*# 1 (form)

are sud that the compositions

6/(# A1 G A (A A) O (A AN AYEY 1A o A
A Oh 17 A* ‘g (A% A)" A" OB A" (A" A% 9 Axv 1 o A
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are the idertities. Then, given any morphism F' : A # B in C, we debneits dual
F*:B*# A* asfollows:

F*= 007 (idas " M) | aaeppe ! ((Idas " F)" idpe) [ (&a " idpe) /| 158
A twist for a braided monoidal category is a family of natural isomorphisms
O4:A# A suc that 01 = Id]_ and Oaop = P)/B,A/ (93 " QA)/ YA,B-

An autonomousbraided monoidal categoryis called tortile (the terminology is
from [27]) if it is equipped with a distinguishedtwist sud that 64+ = (64)* for any

object A.

Figure 26.

A classicalexampleof tortile categoryis the categoryT of framed tangles. We
remind that T has the sameobjects as S, but the morphisms are compositions
of products of the elemettary diagrams (a), (b), (b), (f) and (f’) in Figure 19
modulo the relations (11), (12-2), (17-7"), (18), (19) and the relation in Figure
26. The autonomousstructure on T is determinedby A* = A for any object A,
while \; and &; for a singleinterval I are represeted by the diagrams (b) and
(b) in Figure 19 and then extendedto any other object by requiring that & 4.5 =
(idg " &4 " idg)/ &g and Ayep = Aa/ (idy " Ap " id4). Then the conditions
on the form and coformin 3.2 reduceto relations (12-2"). The twist is debPnedby
0a = (Aa " ida) / (ida " va4) /! (&4 " idy4). In particular, 6; is presened on
the left in Figure 26 while the relation in the samebgurerepreseis the condition
0 = (0;)*. The fact that this condition is satispedfor any object A and that
Oaos = vBal (O " 04) 1 vap, is a straightforward application of the relations
(i7-9).

Pr oposition 3.3. S is atortile categoryand the map which sendsany tangle
in T to the correspnding rs-tanglein S debPnesa functor T &#S which is a strict
tortile functor.

Proof. In orderto shaw that the map is a functor we only needto obsene that
the relation in Figure 26 is satisbedin S. Indeed, this follows easily by applying
(111), (14) and (12). Now we debnethe form, coformand the twist in S to be equal
to the imagesof the correspinding morphismsin T. Those would make S into a
tortile categoryif the twist is natural in S, i.e if for any morphism F': A# B in
S, 0zl F = F/ 0,4. This follows from the naturality of the twist in T and relations
(113-15). !

3.4. An rs-tanglelabeledin the symmetric group $,,, is an rs-tangle in which
eat boundaryarc and eat connectedcomponert of its 3-dimensionaldiagramswith
doublepoints removed, is labeledby atranspositionin $,,, accordingto the following
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rules: the label of any boundary arc coincideswith the label of the componert to
which it belongs;at any ribbon intersection, the label of the ribbon ertering into a
disk, getsconjugatedby the label of this disk.

Then the category S,, of labeled rs-tangles is debnedto have as objects the
Pnite sets{I;, (k; [;)}; of intervals I, ' R? labeled by transpositions (k; ;) - $,,
and as morphismsthe equivalenceclassesf labeled rs-tanglesmodulo the labeled
version of the dePningrelations of S and the relations (R1) and (R2) presered in
Figure 3, wherez, j, k and [ are all distinct.

A labeling of a planar diagram of an rs-tangle inducesa labeling of the planar
diagram of its core graph. We call a singular vertex of sud graph uni-, bi- or tri-
coloredaccordingto how many dilerent transpositionsappear aslabelsof the edges
attachedto it. Then move (R1) in Figure 3 statesthat a tri-colored singular vertex
carries a cyclic symmetry, while move (R2) allows to create or remove in S,, bi-
coloredsingular vertices.

S, is alsoa monoidaltortile category wherethe product correspndsto disjoint
union, the idertit y correspndsto the empty setand the tortile structure is induced
by that of S.

We recallthat a morphismin S, is calledcompleteif the transpositionsoccuring
aslabelsof any planar diagram of it generateall $,,. Notice that this property does
not depend on the choice of the planar diagram represetation of the morphism,
being invariant under the debningrelations in Figures22D25.

As already mertioned in the Introduction, one can dePnea stabilization map
,"™1 . Se # S, by sendinga ribbon surfaceto its disjoint union with a disk
labeled (n n + 1). Moreover, accordingto Proposition 4.2 in [2] "1 js invertible

Y 1IN
forn >m$ 3andits inverse. ! : S¢,, # S¢ is called a reduction map.

Finally, we debPneo*S, to be quotient of S, modulo the relation (T) in Figure
4, and 0S,, to be quotient of 0*S,, modulo the relations (P) and (P’) presened in
the samepgure.

4. From labeled ribbon surfaces to Kirby diagrams

In this sectionwe recall from Section2 of [2], the dePnition of the bijective map
F &# K sendingany labeledribbon surfaceF' to a generalizedKirby diagram K
in K,,.

The main ideais that an 1-handlebody structure on the labeledribbon surface
F, represeting a n-fold simple branched covering p : M # B#*, naturally induces
a 2-handlelndy structure on M debnedup to 2-deformations.In particular, the
construction of K requiresto make somechoices:

a) a choiceof an adapted 1-handlelody structure on F, i.e. a decompsition
F = Dl( ( Dp( Bl( ( Bq7

where the D,Osare disjoint Rat disks (the 0-handlesof F) and the B,Osare
disjoint bandsattachedto Fo = D;( ...( D, (the 1-handlesof F)); in particular,
any ribbon intersection occurs betweena band and a disk;

b) a choice of orientations of the disks Dy,;
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C)

for every ribbon intersection cortained in a disk D,,, a choiceof an arc a in Dy,
joining the ribbon intersectionwith Bd D, * Bd F'; sudh arcs are taken disjoint
from ead other.

Then the following stepssummarizethe proceduredebnedn [2] for constructing

K in the casewhen F' is presened by a planar diagram. In particular, in this case
a choiceof an oriertation of the projection plane inducesan orientation of all disks
(sincethey lie in this plane):

a)

b)

d)

replaceany disk D, by a dotted unknot coincidingwith Bd D,; if D,, is labeled
(i j) - $, with i < j, then assignto its upper side the label : and to its lower
side, the label j;

cut any band B, at the ribbon intersectionsby removing a small neighborhood
of the intersectionarc; then take two small positive and negative vertical shifts
of the resulting piecesof B, disjoint from the original surface;if a pieceis
labeled (i j) - $, with ¢ < j, then label by i its upper shift and by j its lower
shift; Figure 27 (a) shavs how the two shifts look like in a neighborhood of a
positive half-twist (in this bgure,aswell asin the next one,the projection plane
Is depictedfrom a perspective point of view);

connectthe two shifts of any attaching arc of a band B;, by a band which forms
a ribbon intersectionwith the attaching disk, as shovn in Figure 27 (b);

(@ (b)
Figure 27. (i<j)

for ead ribbon intersection of F' cortained in a disk D, connectin pairs the
shifts approading D, from opposite sides,accordingto the following rule: if
two shifts have the samelabel and this is dilerent from the onesof D;,, then
connectthem with a Rat band disjoint from D,,; if two shifts have dilerent
labels coincidingwith the onesof Dy, then connectthem by a band which forms

Figure 28. (i<j < k)
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aribbon intersectionwith D, and is 3at exceptfor a twist around Bd D, in the
casewhenthe two shifts approad D, from the wrong sideswith respect to the
labeling; the whole construction is carried out in a regular neighborhood of the
arc o and Figure 28 shaws two special cases.

Lemma 2.3 and Proposition 2.4 in [2] state that K is well dePnedup to 2-
deformation, i.e. making di'lerent choicesof 1-handlelody structure, orientations
or arcs, as well as changing F' by 1-isotopy or ribbon moves, changes K only
by 2-deformation. For more details on this point, aswell as for the proof that the
restriction of the map to the completemorphismsis bijective, we referthe interested
readerto [2], observingthat our Pnalresult relieson the bijectivity of the map, but
doesnot needthe explicit form of the inverse,which can be found in [2].

Instead, given any labeled ribbon surface F' - SAg, we will need an explicit
form for K, which requiresa specibcchoice of adapted 1-handlelndy structure
for any sud surface.Sincethe morphismsin S¢ are compositions of the elemen-
tary morphisms presened by the planar diagramsin Figure 19, we can dePnean
1-handlelody structure on eady morphism by indicating its intersection with the
elemenary morphisms.This is donein Figures 29, 30 and 31, wherethe disks are
denotedwith lighter gray and the bandswith heavier gray color. Obsene that there
are two types of disks: the oneswhich deformation retract onto neighborhoods of
the vertices of the core graph, and the others which divide the ribbonsin sud a
way that noneof them corntains two boundary arcs. Moreover, sinceany band forms
at most oneribbon intersectionwith any disk D, and in this caseD,, hasa single
band attached to it, the choiceof the arcsa is unique up to isotopy, sowe omit it.

The application of the construction of K- to the particular 1-handlelody struc-
ture of F' chosenabove is shavn in Figures 29, 30 and 31, where for later usethe
imageof the uni-coloredsingular vertex in Figure 31 has beentransformedthrough
the isotopy move preserted in Figure 32. In particular, given F' - St asa compo-

(i) i i (i

-4 K-t K-2e

I i & e
(i}) i (i) @ (i) @
@) (@) M M (iiJ) iJjJ (ili) PJ[H
SIS N S
V T o G
@) H (D) ) (i )
(i) i J” @ij) (@j) i ;” i J”
b~ Y~
R~ M~

j @5 @) N

(1)

Figure 29. Definition of K (i < j andi' < j').
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Figure 31. Definition of K (i < j).

sition of elemenary diagrams, K is the formal composition of the correspnding
generalizedKirby tangleson the right in those Pgures.Obsere that the resultsin
[2] assureusthat sud composition is well dePnedmorphismin K¢. By proving The-
orem 1.4, we will prove that the map S,, # K,, debnedin Figures29,30and 31is
a composition of two braided monoidal functors: %, : S, # H, and#, :H, # K,,
and thereforeit is a braided monoidal functor itself.

Figure 32. Reversing a dotted unknot in K,, (i =j)

5. The universal brai ded Hopf algebras H(G) and HY(G)

5.1. Weremind that a groupoid G is a small categoryin which every morphism
is invertible. Hopefully without causinga confusion,we will indicate by G alsothe
set of the morphismsof G, endoved with the partial binary operation given by the
composition, for which we adopt the multiplicativ e notation from left to right. The
idertity of i - Obj G will be denotedby 1, - G, while the inverseof g - G will be
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denotedby g - G. Moreover, giventwo objectsi, j - Obj G, wedenoteby G(i, j) * G
the subsetof morphismsfrom i to j. Consequetly, if ¢ - G(i,j) and h - G(j, k)
then gh - G(i, k). In particular, gg = 1, and gg = 1;, and sometimesthe identity
morphismswill be represeted in this way. A groupoid is called connectedif G(i, 7)
is non-empty for any i, j - Obj G. Giventwo groupoidsG' G, we sa that Gis full
in G if &(i,5) = G(,4) forall i,j - ObjG.
We have the following basic examplesof (connected)groupoids:
a) any group GG, consideredasa groupoid G with a singleobject 1, i.e. Obj G= {1}
and G(1,1) = G,
b) the groupoid G, with n - N, sud that ObjG, = {1,2,...,n} and G,(¢,j)
consistsof a unique arrow (i,7) : i # j for any i, - Obj G; in particular, the
composition is given by (i, 5)(j, k) = (i, k) and (¢, 5) = (4, 1).

The G,0sre exactly the groupoids which we will needlater.

5.2. For agroupoid Gand x - G(i, k), dePnethe functor _* : G# G asfollows:
a) k*=idandj* = jif j- ObjG%{k};
b) 29T if g- Gk k),
e _ Jxg ifg- G(k,1) with [ = k,
gz if g- G(j, k) with j = £k,
g if g- G(j,1) with j,1 % k.

Then the following statemers hold:
c) g°=g" forany g- G
d) if & £ i then the image of the functor _? is the full subgroumid G* of G with

Obj G* = ObjG%{k} (we usethe notation G* instead of G*, to emphasize
that this groupoid dependsonly on the target of x);

€) _” restricts to the identity on G* and to an equivalenceof categoriesG* # G*,
whoseinverseG* # G is the correspnding restriction of _7;

f) for any x - G(i,k) and y - G(j, k), there exists a natural transformation
N:_ *# _Ysudhthat N(k) = zgand N(I) = 1, if [ = k.

5.3. Givena groupoid G and a braided monoidal category C, a Hopf G-algebra
in Cis a family of objects H = { H,} ,c¢ in C, equipped with the following families
of morphismsin C (here and in the sequelwe will often write ¢ instead of H,. In
particular we will usethe notationsid, = idp,, Ygn = Yag,my» gt = Hyt @Nd ¢ = )
moreover, basedon the MacLaneOsoherenceaesult for monoidal categories(p. 161
in [17]), we will omit the assaiativity morphismssincethey canbe blledin a unique
way):

a comultiplication * = {" ,: H,# H," H,} g, sut that forany g- G
((gridg) /"t g=(dg" ) g (al)
acounite = {e,: Hy # 1} g, Suth that forany g- G
(" idg) /" g=idy = (idg " €)' g (a2-2')
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a multiplication m = {mgy : Hy " H, # Hgn}gngneg (Mg is dePnedwheng and h
are composablein G), sudh that if f,g,h, fgh - Gthen

mfgﬁ/ (mﬁg " |dh) = mmh/ (ldf " mg7h), (a3)
(mgn " mgp)! (Idg " ygp " 1dp) 1 (5" " n) =" gl mgp, (ad)
€gh | Mgpn = €5" €n; (ab)

aunit n={n; : 1# Hy}cobjg, sud that if g - G(7, 7) then

Mg, | (idg " 1) = idg = my, o/ (n; " idy), (ad-4')
' 1 / = 1 " iy (a?)
€, [ m; = idy; (a8)

anantipode S = {S, : H, # Hg},cc andits inverseS = {S, : H, # Hgy} g, suth
that if g - G(4, 7) then

Mgl (Sy"idg) 1" 4= my | €, (s1)
mggl (idg" Sp) 1" 5=y | €, (s1)
S:18,= 5,1 8,=id,. (s2-2')

The debnition above is a straightforward generalizationof a categoricalgroup
Hopf algebragiven in [29]. Obsene that an ordinary braided Hopf algebrain Cis
a Hopf G = G-algebra,where G, is the trivial groupoid with a single object and a
singlemorphism. In particular, Hy, is a braided Hopf algebrain Cfor any i - Obj G.

5.4. Let C be a braided monoidal categoryand H = {H,},¢ be a Hopf G-
algebrain C. By a categoricalleft (resp. right) cointegral of H we mean a family
[={l;: Hy # 1},conjg of morphismsin C, such that for any i - Obj G

(idy ") 1" o =ml l;: Hy # Hy
(resp.(l; " idy) /" o =l l; 1 Hy # Hy).

On the other hand, by categoricalright (resp. left) integral of H we meana family
L={L,:1# H,},c of morphismsin C, sud that if g, h,gh - Gthen

(i1-1')

mg7h/ (Lg-" Idh) = Lgh/ €, . Hy, # th
(resp.mm/ (ldg " Lh) = Lgh/ €p - Hg # th).
If [ (resp. L) is both right and left categoricalcointegral (integral) of H, we call it
simply a cointegral (integral) of H.

(i2-2')

5.5. Givena groupoid G, let H(G) be the free braided monoidal category with
a Hopf G-algebraH = { H,} ,c¢ in it and with aleft cointegral [ and a right integral
L of H, sudh that for any i - Obj G

lz/ Lli - |d1 = l,/ Sli / Lli- (|3'3’)

We refer to H(G) as the universal Hopf G-algebra In particular, if Cis any
braided monoidal category with a Hopf G-algebra A = {4} ,c¢ in it which hasa
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left cointegral and a right integral satisfying the condition above, then there exists
a braided monoidal functor H(G) # CsendingH, to A,.

Analogouslyto [13], H(G) can be descriled as a category of planar diagrams
in R0 [0, 1]. The objects of H(G) are sequencesf points in R labeledby elemers
in G, and the morphismsare iterated products and compositions of the elemenary
diagramspreserted in Figure 33, modulo the relations presened in Figures 34, 35,
36 and 37 and plane isotopieswhich presene the y-coordinate. We remind that the
composition of diagrams D, / D, is obtained by stadking D, on the top of D; and
then rescaling,while the product D; " D, is given by the horizortal juxtap osition

of D, and D.
gh g g g hk g
Myn = (H by = kT) S, = %‘ #on = A
g h g g g h
1 g h g
" = 1. = l § = % # = %
g T 1 ] q,h (
g g g h
Figure 33. Elementary diagrams in H(G).
() (b1) (b1) \
h
(b3)
Figure 34. Braid axioms for H(G).
ggg ggg g g g
w (a1) w Q (a2) (a2) LTJ
h gh
g g g g g o 9
fgh fgh g g g ®
held feled 0
f gh f gh g g g
A (a6) T T LLoqy WA I
g h g h l l

Figure 35. Bi-algebra axioms for H(G).
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(s1) . . (s1) i (s2) (s2)
T T
g g g g g g g
Figure 36. Antipode axioms for H(G) (g- G(i, | )).
1 1; gh h
an | (i2)

NN Ll

L
S—4q L@

I 1

Figure 37. Integral axioms for H(G).

The planediagramsand the relations betweenthem listed above are goingto be
our main tool, soit would be usefulto stop and ref3ect,trying to catch somegeneral
rules which would allow faster reading of the somewhatcomplicated compositions
which will appearlater. The brst obsenation is that the plane diagramsusedrepre-
sert projections of embeddedgraphsin k2 with uni-, bi- and tri-valert verticesand
the projections of the edgesdo not cortain local extremis. The verticescorrespnd
to the debPningmorphismsin the algebra,and often we will call them with the name
of the correspnding morphism. For examplethe bi-valert vertices(which have one
incomingand oneoutgoing edge)will alsobe calledantip ode vertices.The uni-valert
verticesare divided in unit vertices(correspndingto n and ¢) and integral vertices
(corresponding to [ and &).

The notation for the verticesrel3ectstheir interaction in the relations and later
their interpretation in terms of Kirby tangles.In particular, the uni- and tri-valernt
verticesare represeted by small triangleswhich may point up (positively polarized)
or down (negatively polarized). Then relations (a8) and (i3) can be summarized
by saying that two uni-valent vertices of opposite polarizations, connectedby an
edge,annihilate ead other. Analogously relations (a6), (a7), (i1) and (i2) can be
summarizedby saying that a uni-valert vertex connectedto a tri-valert vertex of
opposite polarization, cancelsthis last one, creating two uni-valernt vertices of the
samepolarization asits own.

Relations(a2) and (a4) canbe put togetheraswell, by saying that if a uni-valert
vertexis connectedo atri-valent vertex of the samepolarization, we candeleteboth
vertices and the edgebetweenthem, fusing the remaining two edgesinto a single
one.But we point out that there are two other possibilitiesto connecta uni- and tri-
valert verticesof the samepolarization, which do not appearin the relations above.
Later, in Lemmab.6 (cf. Figure 41), we will seethat the diagrammaticlanguagecan
be generalizedo extendthe statemert to thosetwo casesaswell, but a OcorrectionO
appears.

The remaining three relations (al), (a3) and (a5) in Figure 35, concernthe
diagramsin which two tri-valent vertices are connectedby a single edge.Obsene
that if the verticeshave the samepolarization, we can slide onethrough the other,
while if they have opposite polarization, the diagram splits as showvn in (a5).
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The proofs of most of our theoremsrequireto show that somemorphismsin the
universal algebra are equivalert, meaningthat the graph diagram of one of them
can be obtained from the graph diagram of the other by applying a sequenceof
the debningrelations (moves)in the algebra.We will outline the main stepsin this
procedureby drawing in sequencehe intermedate diagrams,and for eat step we
will indicate in the correspnding order, the main moves neededto transform the
diagramon the left into the oneon the right. Actually, somestepscanbe understood
more easily by starting from the diagram on the right and readingthe movesin the
reverseorder. Notice, that the movesrepresen equivalencesof diagramsand we use
the samenotation for them and their inverses.In the captions of the bguresthe
readerwill Pnd (in squarebradkets) the referenceto the pageswhere those moves
are debned For example,in the prst stepin Figure 38 we obtain the diagramon the
left from the one on the right by Prst applying moves(al-3) in Figure 350n p. 29,
then move (sl) in Figure 36 on p. 30 and Pnally moves (a2-4) in Figure 35 on p.
29.To be precise,beforeapplying (s1) and (a4’), we usethe braid axiomsin Figure
34, but this in generalwill not be indicated.

1

g g g

822ER)
/—LQI

I

8222R)
)—
(@]

8¢

U
) —
(@]

Figure 38. Proof of Lemma 5.6 [a/29, s/30].

In Figure 38t is proved the brst of the following properties of the antip ode in
H (G), which hold for any g, - G sud that gh is debPnedand for any i - G

Y gl Sy = (Sg" S)l gl g Hg# Hy" Hg, (s3)
Sgn | mgp, = m,;g/ (Sh™ Sg)! ygn:Hy" Hy # Hyg, (s
Sy 1 mi = i, (s5)

€51 Sy = €. (s6)

In terms of diagramstheserelations are preserted in Figure 39. They are analo-
gousto the caseof braided and group Hopf algebras(see[13] and [29]) and the rest
of the proofs are left asan exercise.

g g g g hg hg 1 (s5) L 1 1 gh gh
(s3) %% ﬁ (s4) ? % - l aj (i1) l Q (i2) %

o o } (s6) o o
g g g h g h % I 1 f g I

Figure 39. Properties of the antipode in H (G).

,31,



Using theseproperties oneimmediately seesthat if | = {I; : Hy # 1}jcopjg IS
a left cointegral of H, then (cf. Figure 39):

I1'S={l;l Sy : Hy # 1};cobjg is aright cointegral of H. (i1")

Analogously if L = {L, : 1 # H,},g is aright integral of H, then (cf. Figure 39
again):
Sl L={S,] L,:1# Hj},q isaleft integral of H. (i2')

The next lemmaextendsLemma? of [13]to possiblynon-unimodular categories.

Lemma 5.6. H(G) is an autonomouscategory sud that for every g - G (cf.
Figure 41):

H: = H,
&uy, = & =" 41 Ly, (f1)
Mty = Ag = lgg ! mygl (idy " S,). (2)

Proof of Lemma 5.6. Figure 40 shows that &, and Ay, satisfy the relations
in Paragraph 3.2. Then it su"ces to obsene that sud relations propagateto &4
and )\, for any object A in H(G), where &, and )\, are dePnedinductively by
the following idertities (obsene that the debnition is well-posed,giving equivalernt
results for dilerent decompsitions A" B= A'" B’):
(A" B)"= B*" A",
&aop = (Idps " &4 " idB) /[ &g,
)\AQB = )\A/ (IdA " )\B " idA#). !

g g g
(i2) (s4) (a3) (ad)
(s3) (s1)
g g g g g g g

g g g g g g
(i2) (a3) (ad)
(sY)
g g g g g

g

Figure 40. Proof of Lemma 5.6 [a/29, i/30-31, 5/30-31].

To simplify notations we will often write A\, and &, instead of Ay, and &, .
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Lemmab.6 implies that in the diagramsrepreseting the morphismsof H(G),
it is appropriate to usethe notations (f1) and (f2) in Figure 41 for the coform and
the form. In fact, the idertities in Paragraph 3.2 reduceto the standard Opulling
the stringO(relation (f3-3') in Figure 41), which together with the braid axiomsin

Figure 34 realizeregular isotopy of strings.
g
f3 N

g

g

(13
A
’ Qef “def

Figure 41. Coform and form in H(G).

Let Mor(A, B) denotethe set of morphisms A # B in H(G). Then we debne
the OrotationOmap

rot : Mor(H," A,B" Hy)# Mor(A" Hy,,H," B)
by the equation
rot(F) = (idggop " An) [ (idg " F " idy) [ (&g " idaom,).

The following lemma shaws that the negatively polarizedtri-valert verticesare
invariant under sud rotation, while for the positively polarized tri-valernt vertices
this is equivalert to applying the antip ode on the outgoing edgeand its inverseon
the right incoming edge.

Lemma 5.7. If g,h,gh - G (g and h are composable)then (cf. Figure 42):
rot( ,)="',:H,# H," Hy, (f4)
rot(mgﬁ) = gg/ mhﬁgl (ldg " Sgh) CHy " th # Hg. (f5)

Proof. SeeFigure 43. !

UELTIEY

h gh h gh

Figure 42. Properties of coform and form in H(G).

99 g9 9 g9 9 ) g g
g g g h gh h gh h gh

Figure 43. Proof of Lemma 5.7 [a/29, f/33].

— 33 —



5.8. A Hopf G-algebraH in a braided monoidal categoryCis calledunimodular
if H hasS-invariant integral and cointegral, i.e.

Syl Ly= Ly, (i4)
I51 S, =1, (i5)
g g (i4) g T ( (i5) %
1 1 1
1 gh gh gh

1i li gh
p @ L1 @ }J fﬁ (i2)
1 1 h

1

lal g
SRR

Figure 44. Integral axioms for H*(G).

Given a groupoid G, let H*(G) be the quotient of H(G) modulo the relations
(i4) and (i5) presened in Figure 44. We referto H*(G) asthe universalunimodular
Hopf G-algebra Moreover, in H*(G) we changethe notation for the integral vertices
by connectingthe edgeto the middle point of the baseof the triangle, to rel3ectthat
the correspnding integral is two-sided(cf. the bottom line in Figure 44).

Using the integral axioms (i1)-(i5) and (a8) in Figure 35, it is easyto seethat
the uni-valent verticesof the samepolarization are dual to ead other with respect
to the form/coform asshown in Figure 45.

J~1~0L Jd~1~0
O~1~0F O~1~0

Figure 45. Duality of uni-valent vertices with the same polarization in H*(G).

The next lemmais a versionof Lemmaag in [13], but for completenessve presen
the proof.

Lemma 5.9. H*(G) is a tortile categorywherefor any ¢g - G (cf. Figure 46):

O, = Syl S, (f6-6')
(id, " S,)/ & = (S, " id,)/ &,, (7)
A/ (id, " S;) = Mg/ (S, " idy). (8)

Proof. DebPnefly = (Aa#" id4) / (idas" va4)/ (&4 " id4) for any object A in
H*(G) (cf. Paragraph 3.2). In particular, ¢, is represemted by the diagram on the
left in move (f6) in Figure 46. This debPnition guararteesthat 6; = id; and that
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g

B

Figure 46. Additional properties of coform and form in H*(G).

the identity 6.5 = Y4l (05" 04)/ 4. holds, up to isotopy moves,for any two
objects A, B in H*(G). Therefore,in order to seethat § makesH“(G) into a tortile
category it is enoughto show its naturality and that 64+ = (64)* for any A.

0-1

Figure 47.

We will pbrst prove the last idertity. Actually, through an induction argumer,
one can easily seethat if this idertity is true for A = H,, then it is true for any
other object A in H(G). As it is shavn in Figure 47, the diagram on the right of
move (f6’) in Figure 46 coincideswith (6,)* up to isotopy moves.In particular, the
idertity for A = H, would follow if we shav (f6) and (f6’). Now, in Figure 48 we

prove moves (f6) and (f7). Then move (f6’) follows by applying (f6) and (f7) to
right diagramin Figure 47.

NN
[g (fl) (54) (f1)
(£2) (i5) (£2)
g;
(14) (s2) (s2")

Figure 48. Proof of Lemma 5.9 [f/33, s/31-30].

It is left to show the naturality of ¢, i.e. that for any morphism F' : A# B in
H“(G) onehasdp/ F = F [ 4. Actually, using the fact that 04,5 = v a/l (05"
64) I v4 5 and isotopy moves,oneseeghat it is enoughto show this identity when
F is any elemenary morphismand in this caseit follows from (f6), (s3-6) in Figure
39 and (i4-5) in Figure 44.

To complete the proof of the theorem, obsene that move (f8) in Figure 46

follows from (f7) and the properties (f3-3’) of the form and coform presened in
Figure 41. !
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6. The universal ribbon Hopf algebra H"(G)

6.1. Let C be a braided monoidal category and (A, m*,n4," 4,¢4,54) and
(B,mP,nB," B B SB) be Hopf algebrasin it (over the trivial groupoid). Then
amorphismoyp:1# A" B is calleda Hopf copairing if the following conditions
are satisbed:

¢ A"idg)/ oap= (idaea " mP)/ (ida" oap"idp)/ oap,

(ida"" BYl oap= (m* " idpep)! (ida" 0ap" idp) ! oap,

(" idp)/ oap=n" and (dds" €®)/ oap=n"
The Hopf copairing o4 p is calledtrivial if o4 5= n*" n®.
6.2. A unimodular Hopf G-algebraH in a braided monoidal categoryCis called

ribbon if there existsa family v = {v, : Hy # H,} ¢ of invertible morphismsin C,
called ribbon morphisms sud that:

e vy = €, (e-invariance, (r2)

vyl Ly = L, (L-invariance, (r3)

Sgl vg=v51 S, (S-invarianceg), (r4)

mgnl (vg " 1dp) = vgp ! myp = mg,l (id, " v,) (certrality), (r5-5)
You ! (idg ™ vp) = (v, " idp) I vy, (b3)

Yo ! (idg ™ vp) = (vn " idn) I g (b4)

moreaver, the family o = {o;; : L # Hy " Hy}s jeobjg Of morphisms,dePnedby
the identity

Tij = {(vﬁl SOy ey Ly W= (r6-7)
’ ni " n if i j,
satispeghe following properties:
o0;; Is a Hopf copairing for any ¢, - ObjG (r8-8-9-9")
tgl vg_l = pggl! (vg_l " Ug_l)/ Vool ' g Hg# Hy" Hy, (r10)

(mlj " mga) ! (Slj " (tng ! Hgn ! pgn) " Su) ! (Pé,j I :071;,1‘) =

[1] " (rll)
= Yg,h . Hg Hh # Hh Hg,
wheregg = 1, hh = 1; and:

p;yj = (mg,li ) |dlj)/ (Idg " O'i,j) : Hg # Hg " Hli’
p;m = (idli " mlj ,h)/ (Ui,j " |dh) . Hh # Hli " Hhv
o = (mga, " my )1 (" 00y idy) s H, " Hy# H," Hy.

It is easyto ched that p} ; (resp.plw) make H,, into aright (resp.left) Hy -comadule.
We will referto the morphismso; ;0ss copairing morphismsor simply copairings
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6.3. Givenagroupoid G, let H"(G) bethe freebraided monoidal categorywith a
ribbon Hopf G-algebraH. Wereferto H"(G) asthe universalribbon Hopf G-algebra
H"(G) hasthe sameobjectsasH (G) andits morphismsareiterated compositionsand
products of the elemerary morphismspreserted in Figures 33 and 49, modulo the
relations presened in Figures34 (wherenow D canbe alsoa ribbon morphism), 35,
36,44 and the additional relations presened in Figures50and 51, which expresghe
ribbon axioms(r6)B(rll) in 6.2.Look at Figure 52 for the diagramatic preserations
of the morphismspy, , pﬁm., g.n, (herewe alsopresen the morphism N;}L debnedand
shown to be the inverseof p, ; in Proposition 6.5).

s
Q|
Q|
<
>
<
>
Q
>

m (1)

> n+m

g ) )
(r2) l (r3) l r4) |n A (r5) h (r5") (l\
L avaY s T’I (’\I/\/) g L avYaY g ’ NN (’\If\» ’

9

o —

@
s
s
>
s}
>
s
>

li, li, l,: li li, lj l'i 11
(r6) (r7) l
L\J (Ia/e\f/) IlLIj‘)l LJ eag?
1
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Figure 51. Additional axioms for H"(G) — II (i =] ).

We make here few useful obsenations about the axioms of the ribbon algebra
and their diagramatic interpretation:
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; L h g h g h
h g h g h

Figure 52.

a) In the diagramsvj is interpreted asweight of an edge.Then relations (r2) and
(r3) say that the weight of an edgeattachedto a negatively polarized uni-valert
vertex can be changedarbitrarily , while (r5-5) imply that the weight of one of
the edgesattachedto a positewely polarizedtri-v alert vertex can be transferred
to any other edgeattached at that vertex.

b) In Figure 51, the relations (r8-8") and (r9-9") expressingthe fact that o, ; is a
Hopf copairing, are shovn only for i = j, sincefor ¢ £ j the copairingis trivial
and they follow from the rest of the axioms.

c) For somecombinations of the labels, moves (r10) and (r11) simplify because
trivial copairingsappear. In particular, move (r11) reducesto a crossingchange
wheng - G(i,j) and h - G(k,[) with {i,j} * {k,[} = ©.

d) An interesting and important questionis which of the axiomsfor v and o Iin
6.2 are independern. In particular, the relations (r3), (r5’), (r8’) and (r9-9)
(marked with a star belowv the arrow), are consequencesf the rest and have
beenlisted as axiomsonly for corvenience.Iln fact: (r3) can be obtained from
(r2) by using (r5) and the duality of the negative uni-valert vertices (Figure
45); (r9-9’) immediately follow from the debpnition (r6-7) of the copairing, and
the properties (a2-2'), (s5-6) and (r2) (Figures 35 and 39); (r5’) can be shown
to be equivalert to (r5) by using property (s4) of the antip ode (Figure 39). The
proof that (r8’) derivesfrom the rest of the axiomsis preseried in Appendix
(Section11). On the other hand, it seemaunlikely that the relations (r10) and
(r11), the newoneswith respectto the relationsin [13], are consequencesf the
rest, even if, aswe will seelater, they can be presened in dilerent equivalert
forms (cf. Corollary 6.6).

Pr oposition 6.4. Any functor ¢ : G# G between groupoids which is in-
jective on the set of objects can be extendedto a functor ( , : H"(G) # H"(G).
Moreover, if ¢ is faithful (an embedding) then ( , is alsofaithful.

In particular, when. : G' G is an inculsion of groupoids, we canidentify H(G)
and ( ,(H(G)) through the isomorphismof categories( , : H(G) # ( ,(H(G)) and
write H(G) ' H(G).

Proof. The extension ( , of ¢ is formally dePnedas ( ,(mgn) = Me(g).p(h);
( »(m) = ny(:), etc. To seethat ( ,, is well dePnedwe needto ched that all relations
for H"(G) are satisPedn the image.The only problemwe might have would be with
relation (r7) in Figure 51,if i = j and ¢(i) = ¢(j). But this cannot happen since
@ Is injective on objects. This concludesthe brst part of the proposition sincethe
functoriality of ( ., is obvious.

At this point, it is left to shav that wheny is injective on the set of morphisms,
then ( , is injective on morphismsas well. First of all, in this casey inducesan
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isomorphism of categoriesp : G &# G*, where G = ¢(G). Then by debPnition,
(g/ (grand( 51/ (5 arethe idertities; therefore ( ;5 : H(G) &#H(G?) is an
isomorphismof categoriesas well. Moreover, ( , = ( .,/ ( 5 where. : G*' G'is
the correspnding inclusion. Hence,the statemert would follow if we show that the
functor ( , is injective on the set of morphisms.

Now let F, F' : A# B betwo morphsimsin H(G*) sud that ( ,(F) = ( (F")
in H(G); in particular, F' and I’ are represeted by two diagramslabeledin G,
which are related by a sequenceof movesin H(G). Obsene that whenwe apply a
relation move to a diagram represeting a morphism of H(G), the only new labels
that can appear are idertities of G and products of labels already occurring in it
or their inverses.Since G~ is a subcategory of G, this implies that the only labels
not belongingto G* that can occur in the intermediate diagrams of the sequence
are identities 1; with i - Obj G %Obj G*. The parts of the graph diagram carrying
sud labelsinteract with the rest of the diagram only through move (r7) in Figure
51; in particular, if to any intermediate diagram we apply move (r7) to change
bad any trivial copairinginto two units, the part of the graph labeled by 1,0swith
i - Obj G %O0bj ¢(G), forms a componert, disjoint from the rest. By deleting such
componert, we obtain a new sequenceof diagrams between F' and F’ related by
movesin H(G?) which provesthat F = F’ (in H(G")). !

Pr oposition 6.5. Foreweryi,j- ObjGandg,h- G, wehave (cf. Figure 53):
(Sy "idy) /o= (id; " Sy) [ 03y, (p1)
pign ! pig5 = igon =ty ! tig (p2-2')

with p 5 1 debnedby the following idertity, where we are assuminggg = 1, and
hh = 1 (cf Figure 52):

/{;h = (mgy " my )/ (idg " ((idy " Sy) /[ ouy) " idy) c Hy" Hy # Hy" Hy.

g h g h
Lo, Lo
%J (p1) t } m m (b2) (02)
g h g h

Figure 53. Some more relations in H"(G) — L.

h

g h

Proof. (p2) is proved in Figure 54 The proof of (p2’) is analogous.To prove
(p1) let us considerthe morphism i, h, which is the sameas ug,ll but with the
antip ode moved to the left sideof o; ;:

ﬂ;i = (mgyli " m]_j ,h)/ (ldg " ((Sli " |d1])/ O'@j) " |dh) . Hg " Hh # Hg " Hh.
Then, by replacing(r8’), (r9) and (sl') in Figure 54 respectively with (r8), (r9) and

(sl) we obtaln that (p2) and (p2’) are still valid if ,ugh is replacedby Mgi Hence
Mgh and ,ugh are equal, being both two-sidedinversesof 1, . This gives(pl).
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g h
(a3) (E;/?:)/) (a9’
(r8) (s1) (a4-4))
g h

Figure 54. Proof of relation (p2) in Figure 53 [a/29, r/37, s/30].

In Figures55 and 56 we list somemore useful relations satispedin H"(G), but
in order not to make this section excessiely technical, we collect their proofs in
Appendix (Section 11). We only point out that (p3-3'), (p5-5’) and (pl10-10) b
(p12) follow directly from the debnition of ¢; ; and axioms (r1)Er5’), but do not
dependon the extra axiomsin Figure 51, in particular on the fact that o; ; is a Hopf
copairing. Obsene alsothat (pl) in Figure 53 and the movesin Figure 55 allow us
to extendthe notion of isotopy to H"(G). As it is shovn in Appendix 11, they imply
that if a string connectingtwo polarizedvertices,is divided by a copairingmorphism,
this morphismscan be shifted anywhere betweenthose vertices. Therefore, we will

1L 14 11

U2l nen oley2X

Figure 55. Additional isotopy relations in H"(G).

g g
[% (p6) . 6') (}1 @ (p7) (p7")
g g g g
g g g g
(@ (p8) % p8' éij p9 % (p9")
g g g g
g g

p10 plO’

1i g g 1
@ @ U - m
1 1;

Figure 56. Some more relations in H"(G) — II.
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s& that two graph diagramsin H"(G) are isotopic or that one of them is obtained
from the other through isotopy if it is obtained by applying a sequenceof moves
(b1-4) in Figure 34, (f3-3') in Figure 41, (f6) / (f6’) and (f7-8) in Figure 46, (pl)
in Figure 53 and (p3-5’) in Figure 55.

An immediate consequencef Proposition 6.5 is the following.

Cor ollar y 6.6. The axiom (r10) can be replacedby either (r10’), (r12) or
(r12’) in Figure 57, while axiom (r11) can be replacedby (r11’) in Figure 58.

g g g g g g g g
(r10") -1 -1 (r12) (r12")
NN LYl LYl
1 1 1
1
g g g g

Figure 57. Equivalent presentations of (r10).

h g h g

.

g h g h

(r11)

Figure 58. Equivalent presentation of (r1l).

Proof. The equivalencebetween(r10) and (r12) derivesfrom (s3) in Figure 39
after having composedboth sidesof (r10) on the bottom with v,. (r10’) is obtained
from (r10) by composing both sideson the bottom with v, and on the top with
the invertible morphism -y, , / ,ugj;/ (vg " vgy). Analogously (r12’) is obtained from
(r12) by replacingg with g and composingboth sideson the bottom and on the top
respectively with the invertible morphisms S, / v, and (S, " Sy) I pg 5/ (v " vy).

To seethat (r1l) and (rll’) are equivalert, it su'ces to obsene that the right

sidesof the two relations are inverseof eat other by using (p2-2’). !

6.7. As we have seenat page 38 for move (r1l), somerelations involving the
copairing simplify signibcarly for suitable choicesof the labeling, due to the fact
that o, ; is trivial if 7 % j.

g g g g g
(t1) (t2) (t3)
lolel i=
g g 9 g g
Figure 59. Additional relations for T, — 1 (g- G(i,j), i =] ).
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In particular, for g - G(i, j) with 7 = j relation (p8) in Figure 56 implies that
Syl vt = S, 1 vy andin this casewe debne(cf. Figure 59)

T, = Syl v;t = 841 vy if g- G(i,j) with i = j. (t1-2)

Then we have
T;1 T, =id,. (t3)

For any object Ain H"(G), let V4, : A# A* bethe morphismin H"(G), debned
inductively by the following idenrtities (the dePnitionis well-posed,giving equivalert
results for di'lerent decompsitions A" B= A"" B’):

Vi=idy, Vygy=v, and Vi = (V" Va)!l yaB.
This morphismis obviously invertible and for any F': A# B we debne:
rev(F) = Vgtl F I Vy.

Pr oposition 6.8. Forany g - G(i,j) and h - G(j, k) with ¢ = j = k = 4, we
have (cf. Figure 60):

(T3 T 1" gl Ty=" g=rev( ) (t4-5)
rot(mygn) = Tyl my, g5 1 (idy " Tyn); (t6)
reV(m%h) = TgTL/ m,;g/ (Th " Tg) (t7)

g 9

g g g g g g gh gh
) 1
(t4) (t5) (16) (t7)
A s 1] 1 s s
g g g h gh h gh h g h g

Figure 60. Additional relations for T, —II(g- G(i,j),h- G(j,k),i =] =k =1i).

Proof. (t4) and (t5) rewrite (r12) and (r10) (in Figures57 and 51) when g -
G(z,7) with 7 = j, i.e. wheno; ; is trivial. (t6) and (t7) rewrite (f5) and (s4) (in
Figures42 and 39), under the further assumptionthat ~» - G(j,k) andi = k= j. |

6.9. A ribbon Hopf G-algebra H in a braided monoidal category C is called
selfdualif
(lz " |d1|)/ Oii = Lli = (idli " lz)/ Oii (dl-ll)

A selfdualribbon Hopf G-algebra H is called boundary if
ll/ Uy, / ni = idli = lll 'U]:l/ Ni- (d2-2/)

We debned*H"(G) (resp.dH"(G)) to be the quotient categoryof H"(G) modulo
the relation (d1) preserted in Figure 61 (resp. the relations (d1) and (d2) in the
samebgure).We call 9*H"(G) (resp.0H"(G)) the universalselfdual(resp.boundary)
ribbon Hopf algebra.
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1 1 1
di d1 d2 d2'
@@y J®.m],

Figure 61. Axioms for ! *H"(G) and ! H"(G).

Actually (d1’) and (d2’) (marked with a star below the arrow) have beenlisted
asaxiomsonly for corveniencelndeed,(dl’) followsfrom (d1) and (p5-5’) in Figure
55, while (d2’) follows from (d2) and the relation shavn in Figure 62.

I=Vellg]s
dl

Figure 62. A relation in ! *H"(G) [a/29, d/43, p/40].

As it was obsened by Kerler in [13], the relation (d1) in Figure 61 implies the
nondegeneracyof the copairing and the duality of the multiplication and conul-
tiplication morphismsin 0*H"(G). In particular, if one debPnespairing morphisms
Hy, " Hy # 1 as(d3) in Figure 63, then the relations (d4-4') and (d5) preserted
in the samebgurecan be easily derived by using isotopy movesand move (r8’) in
Figure 51.

1 1 1

20 b=lep =

i’ L 1L
Figure 63. Some more relations in ! *H"(G).

7. From the algebra to the generalized Ki rby diagram s

7.1. Proof of Theorem 1.1. The braided monoidal functor #, : H! # K, is
debnedby sending H; j, to the ordered pair (7, ;) of labeled intervals, while the
imagesof the elemerary morphismsin H’ are preserted in Figure 64.

The readercanched that the imagesof the form and the coform \(; ;) and &;
are equivalent in K,, to the onespreserted in Figure 65.

The proof of the theorem is an extensionof the well known fact that the cat-
egory of admissibletangles cortains a braided Hopf algebra object (see[13, 8]).
In particular, here we work with the category of generalizedtangles, i.e. tangles
with dotted componerts and dilerent labels, and correspndingly a groupoid Hopf
algebra.Moreover we needto ched the extra ribbon axiomsin 6.2.

Most of the Hopf algebraaxioms are very easyto ched. For example (a2-2'),
(a6) and (a8) in Figure 35 and (i2), (i3) in Figure 44 follow directly from the
deletion of 1/2-cancelingpairs (the bottom move in Figure 7). The sameis true for
(al1), (a3), (a4-4'), (a7) and (i1-1'), but oneneedsto make oneor two handleslides
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Figure 64. Definition of @, : H! # K,,.

(i) @,1) ij ij
o i I G
e

Figure 65. @,(" () and @, (A ;).

beforedeleting. (s2-2’) and (i4) reduceto an isotopy. (a5) in Figure 35and (sl) in
Figure 36 are shown in Figures 66 and 67 respectively ((s1) is analogous).

The ribbon axiom (r7) in Figure 51 follows from the last move in Figure 6,
which allows to change crossingsbetween componerts with dilerent labels. The

B a&
=

k k L

H1-04)- 1

At = I |k@

ij J’k‘ i.i Jk i

Figure 66. Proof of (a5) in Figure 35.
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ij ij

Figure 67. Proof of (sl) in Figure 36.

ribbon axioms (r2), (r3), (r9) and (r9’) follow from the deletion of 1/2-canceling
pairs, while in shaving (r1) and (r4) oneneedso make a handleslide beforedeleting.
The rest of the ribbon axiomsare shovn in Figures68to 72. !

a(fé?%o K@KD Ci/é/@%D
(i

j" /«C k j k:f
il W - W - W ki

Figure 68. Proof of (r5-5') in Figure 50.

i i i1

.
b <
& %

Figure 69. Proof of (r6) in Figure 51.

i i1 i1 i

ol -l - s

Figure 70. Proof of (r8) in Figure 51.

1O/ |

Figure 71. Proof of (r10) in Figure 51.
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Y

Figure 72. Proof of (r1l) in Figure 51.

Obsene that under the functor #,, the relations (d1) and (d2) in Figure 61
translate directly in (a) and (b) in Figure 15. This leadsto the following proposition.

Pr oposition 7.2. #,, inducesfunctors on the quotient categories
O#,:0H # 0K, and 0#,:0H # OK,.

7.3. The restriction of #,, to the set of complete closedmorphismsin H/ is
surjective, and this will follow from Theorem 1.4, onceit is proved. Newertheless,
we sketch here the procedurewhich allows to Pnd the preimageunder #, of any
Kirby diagram K - K;. Obviously, this hasa great practical value, sinceit allows
to calculate invariants of 4-dimensional2-handlelodies directly from their surgery
presertation.

Let K = ( ;L;, where someof the L;Ogorm a trivial link of dotted unknots
and the othersare framed knots. Considera planar diagram of K, wherethe dotted
componerts project trivially , in sucd a way that the crossingsare either betweentwo
framed componerts or betweenoneframedand onedotted componert. By changing
a bPnite number of sudh crossingssay (1, . . ., C;, onecanobtain anewKirby diagram
K'= (;L; which is trivial asa link. Without lossof generalit, K’ can be assumed
to coincidewith K outside Fy ( ...( E;, whereead E; is a cylinder projecting onto
a small circular neighborhood of C;. One of such cylinders E;, together with the
relative portions of the diagrams K and K’, is depictedin Figure 73 (a) and (b),
wherej and £ may or may not be distinct.

Now let D = (;D; be a disjoint union of disks embeddedin R* and bounded
by ( ;L. Embedin ead D; a connectedrooted uni/tri-v alert tree whoseuni-valert
vertices(dilerent from the root) are the preimagesof the C/Osn L}, and the rest of
the tree liesin the interior of the disk. Then connectthrough a vertical (with respect
to the projection plane) edgee; the two preimagesof eat crossingC! (cf. Figure 73
(b)). Orient all edgesof the treesin suct a way that if L’ is a dotted component,
ead tri-valert vertex hasoneincomingand two outgoingedgesandif L’ is aframed
componert, ead tri-valert vertex hastwo incoming and one outgoing edge.In this
way oneobtains a graph embeddedin R® whosebi-valert verticescorresmnd to the
preimagesof C!. Remove theseverticesfrom the graph. When the edgesof the trees,
attached to thesepreimages,are oriented in a consisteth way as shovn on the top
in Figure 73 (c), this inducesan orientation of the resulting edge.Otherwise divide
this edgeby a single bi-valert vertex as shovn on the bottom in Figure 73 (c). In
this way oneobtains a graph G embeddedin R® whosebi-valert verticesstay above
those crossingsC! which involve two framed componerts.
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Figure 73.

At this point, considera closedregular neighborhood N of G in R® extending
the regular neighborhood F = ( ;E; of the edgese; and sudh that J = Ng* D isa
regular neighborhood of the treesin D. Let I = 9D * J be the set of intervals in
which J intersectsthe boundary of the disks D;. Then the link

K"= (K* E)( (8] %Int ),

is isotopic to K through an isotopy which restricts to a deformation retraction on
eath D;. Isotope further N (inducing anisotopy of G and K”) in suc away that G
is in regular position with respect to the projection plane,and in a neighborhood of
ead root and tri-v alert vertex the projection of the edgeson the y-axisis increasing.
Then isotope K” in Ng, to put it in regular position with respect to the projection
plane and transform its framing into blackboard framing. Finally, obsene that, up
to isotopy and creationsof cancelingpairs of 1/2-handles, K" is composedby the
elemenary diagramson the right in Figures64 and 69, wherethe bi-valert vertices
correspnd to the imagesof the copairing morphism. An example(with blackboard
framing) is presetted in Figure 74 wherethe crossingsC; are encircledby a small
gray disk.

Figure 74. Surjectivity of ®; on the set of closed morphisms.
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8. The reduct ion map

This sectionis dedicatedto the proof of Theorem 1.2, i.e. given m < n, We
construct a bijective map . ;, HTC # HTC sudthat . [ #, = #,,/ ... In other
words, we realizein H” (actually in H”(G) for any G) the algorithm for reducing
the labels (O- handles)of a generalizedKirby diagram described in 2.2.

According to the algorithm in 2.2, in order to cancelthe n-th O-handlein a
diagram K, onebrst separateghe part of the diagram cortained in this 0-handleby
Opullingit upO,and then slidesit over an 1-handleU of label z = (ig, n) with io = n.
As a result the labelsin the diagram changefrom j to j*, where_* : G, # G,
denotesthe functor constructedin Paragraph5.2;in particular, n* = ig and j* = j
for any j = n. Evertually, one cancelsthe n-th O-handle and U. The resulting
diagram KV - K,,_; doesnot cortain the label n.

Obsenethat KV canbe thought asobtained from K through a sequencef the
following local changes:

a) (if necessary)3ip over in the projection plane any dotted componertis of label

(ig,n) in sudh a way that the upper faceis labeledn;

b) changethe sign of all crossingsat which a componert labeled n runs under a
componert labeledipg;

c) changeall labelsfrom j to ;7;

d) cancelthe componen U.

The modibcationsa) and b) produce equivalert diagramsin Kn, while c) re-
places any label n with i, producing this way a diagram in 3%(K) - K,_1.
Since 3%.(K) is obtained from K through local changeswhich depend on z, but
not on U, we may think of it asdebninga map 3% : K,, # K,,_;. Figure 75 shavs
BRE (' iom))s 3E# (Seiym)) and 3%(# . (Sn.iy)) (here we apply the move de-
scribed in Figure 32 to Bip the dotted componerts). Obsene that 3§ respectsthe
monoidal structures of the two categories,a structure which is violated by d).

ion  ion i0to oo nig ion 10 1o

" CQ—_QD c@j [H ci%g A cyj

L]
O SO A O

ion i0 o ion 10 i n i 10 o

Figure 75. (x- G(ip,n) with ig = n)

On the other hand, given a dilerent morphismy = (jo,n) with ig £ jo £ n,
3%(K) and 3}.(K) may not be equivalert asdiagramsin K,,_; evenif K is closed.
Indeed, if K is made out of a single 1-handle of label (n,n), then 3%.(K) consists
in a single 1-handle of index (io, 7o), While 3%.(K) consistsin a single 1-handle of
index (jo, jo). Thosetwo cannot be related unle33|t is presen another 1-handle of
label y= = (jo, 7o), When3%(K) canbe slided over this 1-handleobtaining 3 i (K).
In particular, if K is a complete morphismin KC and V is any dotted componert
of K with label y = (jo,n), then KUY can be transformedinto KV through 1-handle
slides(cf. Figure 10). Thereforethe reductionmap .” ;K = KV is well debPnedon
the subsetof closedcompletemorphisms.
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Now we want to mimic the above reduction procedurein H"(G) where G an
arbitrary groupoid. Notice that in this casethere is no natural order on Obj G, so
the indices i and n above will be replacedby two (possibly coinciding) objects
io, ko - Obj G,

Givenz - G(ig, ko), we extendthe functor _* : G# G debnedin Paragraph5.2
toamap_*: ObjH"(G) # ObjH"(G), by requiring that (A" B)* = A* " B* for
any A,B- ObjH"(G).

Our Pbrst goal is to prove the following theorem, where G ¢ denotesthe full
subgroumid of G with ObjG* = Obj G%{:} (cf. Paragraph5.2) and H"(G?) '
H7(G) are the universal ribbon Hopf algebrasconstructed respectively on G* and
G, with the inclusion given by Proposition 6.4.

Theorem 8.1. Let Gbeagroupoid. Forany = - G(ig, ko) there existsa functor
3*:H"(G # H"(G

which coincideswith _* : ObjH"(G) # ObjH"(G) on the objects, sud that:
a) givenany othery - G(jo, ko) and any object A in H"(G) there existsan invertible

morphism
Wi Hz"A# Hyg" AY,

sud that for any morphism F': A# B in H"(G) (cf. Figure 82):
"1 (idyz " 37(F)) = (idyz " 3Y(F)) 1 &4 (a1)

b) 37 restricts to the identity on H"(G %) and to an equivalence of categories
37 tH(G) # H'(G ko) whoseinverseis 37 :H"(G ko) # H"(G™);
c) if i ® ko then 3°(H"(G)) ' H"(G*), hencewe have a retraction functor

37 H"(G) # H"(G™).
Moreover, 3% inducesfunctors on the quotient categories
03 O*H"(G) # 0*H"(G) and 037 :0H"(G) # OH"(G).

We obsene that in general3* and 3¥ are not naturally equivalert, but a) can
be interpreted as a weaker version of that.

In the next corollary we isolatetwo particular casef (q1) which will be relevant
for our purposes.

Cor ollar y 8.2. For any = - G(io, ko) and any morphism F : A # B in
H"(G), we have (cf. Figure 82):

&1 (id, " F) = (id, " 3°(F)) | &7, (a2)
571 (idy, " 37(F)) = (idy, " 3°(F)) | 5", (a3)

Definition  of &£. As it is clear from the discussionabove, £ should be the
algebraicanalog of sliding over 1-handle or pushing through a dotted componert.
The debnition itself is somewhatheary and consistsin the following steps. Given
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x - G(ig, ko) and y - G(jo, ko), we debne(” : H,z " A* # Av for any object A in
H"(G) inductively by the following idertities (cf. Figure 76) whereg - G(i, j5):

()" idy it i % ko # j,
Myz,gx if i = ko =% j,
CI:?;/ = C?y = mgx,xﬂ/ (idgx ! Sy:f)/ Vyz,g* ifi% ko= 7, (q4)
myf,gx :B?j/ (ldyf " mgx 7:8@) /
( /(dyz " ((idge ™ Syz) I vz )) I (0 yz " idg) ifi= ko= j;
e = (RG] (idys " " idg) [ (s " i arog). (g5)
g9’ g9’ 9% -9
(a4) ! ‘ »
v = Y)Y e W= Xy
' def
yx g yx g YX 7% - G
Figure 76. (x- G(ig,Ko), Y- Gljo ko), g- G(i,j)and A=H, " H,"..." H, ).

Pr oposition 8.3. If x - G(ig, ko), ¥y - G(jo, ko) and z - Iy, ko), then for any
object A in H"(G) we have (cf. Figure 77):

YL (iday " COY) = (7L (g " idax) s Hoy " Hyp" Hax # Hae.  (g6)

In particular, ¢{'"": Hy, " Hy, # Hy, makesHy, into a Hy,-module for any i - Obj G.

g’ g’ g
“s s
(a3) (s5)
(ab)
zy yx o zy yx o zy yxX g

Figure 78. Proof of (q6) when A =H, with g- G(ko, ko) [a/29, s/31].



yX A* 27 YK AX

Figure 79. Proof of (g6) — the inductive step [a/29, q/50-50]

Proof. First of all, let us considerthe specialcasewhenA = H, with g - G(3, j).
If j = ko, the statemert is equivalent to (a3) or (a6) in Figure 35.1f ;7 = kg and
i % 1p, it reducesto the antip ode property (s3) in Figure 39. Finally, the casewhen
i = j = ko is shawvn in Figure 78. At this point, the generalcasefollows by the

inductive argumert shawvn in Figure 79. !
Now we debnethe morphism &Y and its inverse(cf. Figure 80):

= (dys " G oyt ida) T Hy " AT# Hyp " AY,
(5231)_1 = (idyz " ¢y (((dyz " Syz) 1" yz) " iday).

(1) =

Figure 80.

The proof that (¢7Y)71/ &4¥ = id,z " idax is given in Figure 81. In a similar
way, using (s) instead of (s1), onecan prove that &3/ (€4¥) 1 = idyz " idax.

K A.’C A.’I)

I
=)

yx Al A.’I?

Figure 81. Invertibility of #;* [a/29, q/50, s/30-31].

With the notation introducedin Figure 80, the relations of Theorem 8.1 and
Corollary 8.2 100k like in Figure 82.

We will needalsothe morphisms
3V = OV Aax gzt A" Hyz # AV,

V= (ChY M idyg) [ (idax "' yz) AT Hyg # AV Hyg,
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yx AX

Figure 82. (X - G(ig,Ko), Y- G(jo, ko), F:A# B)

which are obtained from ¢ and ¢ by simply OpullingQthe string labeled yz to
the right asshown in Figure 83. &% is invertible with

(Ex) 1= (G " idyg) 1 (iday " ((Sye " idyz) 1 y2)),

asshawn in Figure 83.

GROREE

Figure 83.

In orderto seethat ;¥ and¢’,” arethe algebraicanalogof sliding over 1-handles,
in Figure 84 we represen the image#,,(¢;;) in K, whenz = (i, ko), ¥y = (jo, ko),
g = (ko, ko) and h = (ko,7) with i = kg are morphismsin G,. It should be obvious
now that in terms of Kirby diagrams,(’y¥ correspndsto a dotted componert U of
label y= = (jo,70) embracing all framed strings of label k§ = iy and transforming
theselabelsinto k§ = jo. The readercan seethat #,(£%") is the same,but there is
an extra framed arc passingthrough U, which is a rel3ectedimage of the left most
oneof labels (i, jo) with respectto a horizortal diameter of U.

Now we can interpret (g2) and (g3) in Figure 82 in terms of Kirby tangles.
In particular, (g2) implies that 3%.(F) is obtained from F' by pushingup the part
cortained in the koOth0-handlethrough a dotted componert of label = = (g, ko),
changingthis way the index kg to io. On the other hand, (g3) statesthat if we have

9 g Joo o z\ jojo i
) ([ \

= '\(IiT" —\Z \ ’ A Jo_ o )
f |l & I
yT g~ W yr g oo ioio io i Joio  doio o

Figure 84. @,($:}) for x = (io,Ko), ¥ = (jo, ko), 9 = (Ko, ko), h = (ko, i), i + ko,
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alreadydonethis, the samepart canbe pushedthrough a dotted componert of label
(70, 70) Without further changes.

Definition of 3*. Letx - G(ig, ko) asabove.Forio = ko wedePne3” to bethe
formal extensionof _* to H"(G), in the sensethat 37(" ;) =" x, 3%(Vg.n) = Vgx xs
3%(S,) = Sy and soon.

Howewer, whenig = ko sud formal extensionwould run into problems.In fact
the copairingo; ; is dePnedo betrivial if i # j, sothe axiom (r7) in Figure 51would
not be satispedin the imageif i* = j*. Thus we needto make somecorrectionsin
order to have a functor. Being 3 the algebraicanalogof 3%, the nature of these
correctionscan be understood by reviewing the depbnition of 3§ and Figure 75.

Namely, for ig £ ko wedebne3® : H"(G) # H"(G) by putting, for any i - Obj G
andany g,h - G (assumedto be composablein G whendealingwith my ;):

31-(| g) — {/’L;(];gx / ' gx If g - G(207k0)>

b otherwiseg
(Vg if g - G(ko, ko),
(G " idg) | (e " i) e i g - Glisko), i ® ko,
3 (Ygn) = g ./ (id,f’x " C’?’x.)/ . : N
I (idgx ™ Sy " idp) I (pgesy " idpx) if g - Gk, j), 7 # ko,
(E}fx "’ idgx)/ (idhX ! P;X,io)/ g*,h¥ /
[ /iy " GPm) 1 (idgs ™ Sy, " idae) [ (ol " idie)  otherwise;
(g if h- G(ko, ko),
(idpx " )1 (Pl ™ 1dgx) 1 Age if h- G(ko, 1), | = ko,
3e(g, = 4 e (GE T L
[ (idg " Sy, " id) / (idg " plys) if b= Glk, ko), k * ko,
(idjx "_ Cj,”’”‘")/ (p};m’o ) idgX )_/ Vg hx /
/(G " idp) [ (idge " Sy " idpe) 1 (idgx " pix,,) - Otherwise;
S o O
37(S,) = {gzxvg gtﬁervﬁigk()),
_ Spvzd if g- Glko,i
37(5) = {§Z ’ otﬁerwc?ieoj )
3%(mi) = mix; 3%(eg) = €1;
3%(1;) = Ix; 3%(L,y) = Ly;
3%(mygp) = mg;  3%(vy) = vgx;
3%(0i;) = {;ZOJ Tio gtr{w:rjviise{m’ko}’

3%(" 4), 3%(7,,,) and 37(7,,,) are preserted in Figures 85 and 86. Moreover,
up to equivalencein H"(G), one can seethat 37(v,.4) and 37(74,) are given by
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the sameexpressiondor any object A in H"(G) (cf. Figure 87). The proof of this
statemert for 3%(y, 4) with A= hqy " hy in the casewheng - G(3, j) with ¢ # kg and
j = ko isillustrated in Figure 88. The other casesare simpler and the generalization
to an arbitrary A is straightforward. The proof for 3%(%4) is similar.

g 9 g g g g
andj = ko
X [ -1 -1
% %4 NN
(r12)
1
g g~ g

Figure 85. 37(A,) when X - G(io, Ko) with Ko + 1o (g- G(i, ) [r/41].

X
h g iti=io) g
and [ = ko \'
g h
h g
g h

Figure 86. 31(0/9&) and 3w(0/97h) when X - G(io,ko) with ko + io (g - G(|, J)
and h - G(k,I)) [p/40, r/37, s/31].

A g

g A A h

Flgure 87 3:6(%714) and 3I(Vg;7h) when X - G(io,ko) with ko += io (g - G(|, J)
and h - G(k,1)).
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hih; g hih; g

g h h g hihy

Figure 88. (X - G(io, ko), ko =10, 9- G(i,]), i =Ko, | =Ko) [q/50, r/37, s/31].

Proof of Theorem8.1. First of all we prove that (ql) in a) holds for any x -
Glio, ko), ¥ - G(jo, ko) and any elemertary morphism F' : A# B, with £3Y and £5”
debnedas above. More precisely we will prove the identity

("1 (idyz " 3%(F)) = 3Y(F) 1 ¢4, (q1)

which, by composingwith * ,z " id 4, implies (q1).

Notice that if F is invertible then the relation (q1’) for £~ follows from the one
for I/, oncewe know that 3*(F 1) is the inverseof 3%(F). It can be easily veribed
that this is true when F' is v,, and S,, by using (p2-2’) in Figure 53 and (q6)
in Figure 77. Moreover, sincethe relations (r6) and (r7) in Figure 51 are trivially
satisbedin the image,the idertity (ql’) for o, ; follows from the onesfor the other
elemenary morphisms. Therefore,it su'ces to prove that (q1’) holdsfor £ = 7,
" g Sgr €91 Lgy Vg, Mg n, Yo h-

F = n;,l;. If @ £ ko there is nothing to prove, being &Y trivial and 37(F) =
3Y(F) = F. The casewheni = kg is shavn in Figure 89.

1, yx 1, yx 1, yxX L,

Figure 89. Proof of (ql') for F = &, and F = I, (x - G(i(, ko) and
y - G(jo, ko)) [a/29, i/34, /35, 5/30-31].

=", Ifg- G(i,j) with i, j = ko thereis nothing to prove, being ;¥ trivial. For
g - G(ko,7) with j £ ko, the statemen essenially reducesto the relation (a5)
in Figure 35. The proof for g - (i, ko) with ¢ = kg is presened in Figure 90,
whereonecan seethat the last diagramis exactly 3(" ,)/ ¢;¥, by confrorting
it with Figure 85wheni = ig, or applying (t4) in Figure 60 wheni % i5. The
caseqg - G(ko, ko) is shavn in Figures91 and 92.
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X

yT g yr g~ yr  g* yT

Figure 90. Proof of (q1') for F = A, with g- G(i, ko) and i =Kk, (X - G(ig, ko)
and y - G(jo,Ko)) [a/29, r/37, s/31].

g I g g ol g g’ g ¢ ¢
1 NN NN NN NN

(a1) (s4) ") (s3)

(p10) (ad)

(r10) \) (ab)
yT g yT g~ yT g yT g yr g~

Figure 91. Proof of (q1') for F = A, with g - G(ko, ko) (X - G(ig, ko) and
y- G(jo, ko)) [a/29, p/40, r/37, s/31, step (4) in Figure 92].

Xy g Xy g Xy g Xy g xy ¢

(a6) (p1)
w

yX g yX

(rg8’

—

—
=
[y
[N

—

yx g yx g yx g
Figure 92. Proof of step (4) in Figure 91 [p/39-40, q/50, r/37, s/31].

F = §,. As above, there is nothing to prove for g - G(z, j) with 7,7 # ko. When
g - G(i,ko) or g - G(ko,j) with i,j £ ko, the statemen is equivalert to the
property (s4) of the antip ode in Figure 39 (seeFigure 93 for the former case).
Figure 94 addresseshe caseof g - G(ko, ko).

F = ¢4, Ly, v, The statemerts follow respectively from (a6) in Figure 35, (i2-2') in
Figure 44 and (r5-5') in Figure 50.
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(t2 )

Yz g*

2

(84)
(r5)

(t2 )

Figure 93. Proof of (ql') for F = Sg with g - G(I, ko) and i =k, (X - G(ig, Ko)
and y - G(jo, ko)) [r/37, s/31, t/41].

¢’ ¢’ ¢’ g’ g’
NN L aYaYd 2% % 2% % I-/ 2% %
(a3) (s2) (p10) (s9) (a3)
Esj; (p2) (r10)
S
1 11
1
yx g~ yx g~ yx g* yx g yx g
g’ o o’ g’ ¢’
12
12
(1) @ oy @
(n2) (08) (15) (v7)
(p2) (r5) ?L
yx g yx g yx g~ yx g~ yx g

Figure 94. Proof of (q1') for F = S, with g -

G(Ko, ko) (X - G(ip, ko) and

y - G(jo, ko)) [a/29, p/39-40, r/37-41-41, s/31].

F = m,). SeeFigure 95 for the casein which g, h - G(ko, ko). The other casesare

simpler and anologous.

(gh)? (gh)? (gh)? (gh)¥
% %(as) @ @ @ ) @
(ad) (a3)
(s1)
yX g h® yX g h® yX g° h? yx g° h®
Figure 95. Proof of (ql') for F = m,;, with g,h - G(ko, ko) (X - G(io, Ko) and

y- Gljo ko)) [a/29, 5/30,].
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F = v,n Letg- G(i,7) and h - G(k,[). We can transform the left side of (q1’)
asshawn in Figure 96. Now the ideais to changethe OwrongQ@rossingbetween
the edgedabeled ¢* and yz, through move (r13’) in Figure 58, and then usethe
copairingsthat appearto transform,z ,z/ "' ,z into' ,z. This is doneseparately
for the four casesi £ ko and j = ko in Figures97 and 98;i = kg and j = kg in
Figure 99;: = kg and j = kg in Figure 100;: = kg and j = kg in Figure 101.

hY o

y)? gX hX
Figure 96. Proof of (q1') for F =%, —1(g- G(i,j), h- G(k,I), x - G(ig, ko)

and 'y - G(jo, ko)) [a/50].

hy (ol hy g hY (o} hy ¢ hy o
y-oy
X—=Y XY XY
@) X F77
& W ? ﬁ XY
yX gx hX yX gx hX yX gx hX yX gx hX yxX gx hx

Figure 97. Proof of (q1') for F = %, with g- G(i,j), i = ko and j = ko — II
(h- G(k.1), X - Glio, ko) and y - G{jo ko) [f/35. p/39-40, q/50, r/41, /31, step
(44) follows from (ql') for F =S and X,y = 1;, (cf. Figure 98)].

g’ yx

Figure 98. (g- G(i,]j),
p/39, r/37].
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h o g h o g h g h o g g

yoy

XYy
D XY
XY
L d L Lavays L s
(r11") (q6) (r10) (p10) y=9
) (£6) (s4)

- X=>Y)
y)? g:L' h T yx g.’l; h €T y X g:L' h €T y)T gfl: h € yx g:L' h €T

Figure 99. Proof of (q1') for F = %, with g- G(ko,j),j = ko —II (h- G(k,1),
X - G(io, ko) and y - G(jo, ko)) [f/35, p/40, q/50, r/37-41, s/31].

o9 o9 o9

Figure 100. Proof of (q1') for F = %, with g- G(i, ko), i = ko —II (h - G(k,1),
X - G(ig, ko) and y - G(jo, ko)) [f/35, s/31, step (444) as in Figure 99].

hy oV hv @
=y
=y G=2y)
v
7
yx g'h yX g h” yx 9" h” yx g h* yx g° h

Figure 101. Proof of (ql') for F = %, with g - G(ko, ko) — II (h - G(k,I),
X - G(io, ko) and y - G(jo, ko)) [f/35, p/40, q/50, r/37—41]
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At this point, having establishedproperty a) for F' being an elemetiary mor-
phism, we are ready to shaw that 3% is a functor, i.e. it presenesall the relations
betweenthe elemenary morphismsin H"(G) preserted in Figures34, 35, 36, 44,50
and 51. This is trivially true whenz - G(ko, ko). Hence,we focus on the casewhen
T - G(io,ko), io * ]Co.

We start with the isotopy movesin Figure 34. As it wasalready obsened, moves
(b1-1’) follow from (p2-2’) in Figure 53 and (q6) in Figure 77.

Moves(b3) and (b4) in Figure 34 needto be shovn only when D is an elemerary
morphism F' : A # B. In this case,accordingto Figure 87, the statemert follows
from the identity (5* / (id,z " 3%(F)) = 3%(F)/ ¢}*, which is equivalert to the
specialization of the relation (q1’) proved above for y = z.

We continue with the bi-algebraaxioms presered in Figure 35. The only non-
trivial onesare (al), (a2) and (a5) when g or h arein G(ig, ko). In this case,(al)
and (a2) follow directly from the fact that 3°(" ;) = (Tpx " Tp) /' 5 | T (cf.
the dePnition of 7" in Paragraph 6.7 and the presetation of 3*(" ;) in Figure 85).
The proof of (a5) for g - G(ig, ko) and h - G(ko, ko) is presened in Figure 102.The
proofs for dilerent choicesof ¢ and h are simpler or analogous.

thX thX thX thX thX thX
NN NN
@ (a3) (ab)
(p2)
gX hX gX hX gX hX

Figure 102. 3% preserves (a5) when g - G(ig, Ko) and h - G(Kg, ko) (X - G(ig, Ko))
[a/29,p/39].

From the antip ode axiomsin Figure 36 the only non-trivial onesare (s1) and
(sY) for g - G(ig, ko). Figure 103 proves(sl) in this case,while the proof of (s1) is
obtained by ref3ectingall the diagramsin the samebgurewith respectto the y-axis.

=T T

g:r, g:1: !71 g;r, g.’ﬂ gfzr (]Jq ’
L A% L
(p9) (p2) (s1)
9° 9° 9° 9°

Figure 103. 3* preserves (s1) when g- G(io, Ko) (X - G(io, Ko)) [p/39-40, s/30].

The integral axioms in Figure 44 are trivially presened because3*(m,;) =
mnghx and 3$(' li) ="' 1iX'
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Also the axioms of the ribbon structure in Figure 50 are trivially presened,
while the only non-trivial onesfrom Figure 51 are (r10) when g - (ig, ko) and
(r11) with g - G(i,5) and h - G(k, 1) such that someof i, j are equalto ky and some
of k£, are equalto iy or vice versa.Figure 104 dealswith the above metioned case
of (r10). Someof the casesof (rll) are presened in Figure 105 (cf. the expression
for 3%(o0; ;) on page53) and the rest are analogous.This concludesthe proof of the
functoriality of 3”. Moreover, the functoriality together with the fact that a) holds
for I’ being an elemenary morphism, imply a) for any other morphism F'.

Propertiesb) and c) derive from the debnitionof 3%; in particular, from the fact
that 3% coincideswith the formal extensionof _* on the elemenary morphismsof
H"(G) which do not involve ig or ko (seeright side of Figure 86 for the crossings),
taking into accoun 5.2 e).

Finally, the last part of the theorem follows from the fact that the additional
relations debningthe quotient categorieso*H"(G) and 0H"(G) involve only mor-
phismsin H;, fori- ObjG. !

X gX gX

g g g g g g
~1 -1 ~1 —1 ~1 ) -1
-1
g g g

gX
Figure 104. 3% preserves (r10) when g- G(ig, Ko) (X - G(io, ko)) [p/39, r/37].

h* g* h* 9" h* 9" h* 9"
k LYl LYl )
ﬁ (r11) {/g\? f/%] (r11) %

1= j5=koand k= 1= i i=j=dgand k= 1= ko
h® g h* g* hr 9" h® qg°
k NN d PRV
2} 2) /{ w (p2)
(r11) (r11")
g° h* g®  h* g° h* g®  h*
i:]w”,:]ﬁfoandjzlzio i:]{?:ioandj:l:ko

Figure 105. 3% preserves (r1l1) (g - G(i,j), h - Gk,I), x - G(ig, ko)) [p/39,
r/37-41].
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Notice that, givenany = - G(ig, ko) and y - G(jo, lo) With ig = kg £ [y = 7o,
both compositionsof functors 3¥"/ 3* and 3%’/ 3 retract H"(G) to the subcategory
H"(G k') = H"(G ' k), provided that ig = Iy or jo = ko (if io = lp and jo = ko
onehasy® - Hlp,lp) and z¥ - G(ko, ko)).

The next proposition assertsthat thesetwo retractions are naturally equivaler.
Since we will focus later on closed morphisms, this fact will not be usedin the
presen work. Newertheless,we include it for its signibcanceand alsoin view of a
possibleextensionof what follows to non-closedmorphisms.

Pr oposition 8.4. Givenig %= kg = [y £ jo in Obj G, sud that either ig = [y
or jo £ ko, and morphismsz - G(ig, ko) and y - G(jo, lo), there exists a natural
transformation »*¥ : 3%/ 3¥ # 3¥'/ 32, In particular, for any morphismF : A# B
in H"(G), we have the following comnutativ e diagram:

(AX)yXi> (AY)¥
YR (F)) J J RV (R (F))
(B*)Y —5~ (BY)*.
‘B
Proof. Let x and y be as in the statemert. To simplify the notation we put
3v* = 3¥ [ 3% and 3%Y = 3% /| 3. Given any object A in H"(G), it is easyto
ched that 3¥*(A) = (A*)Y = (AY)® = 32¥(A), and we denotethis imageby A’.
In particular, we have H., = Hliy0 and H; = Hljxo.
We debnethe morphism v} : A’ # A’ asfollows:
Vit = (e e " ida) 13000 al 3 1 (ot o id ),

where* 4, : H," H," A# H,"H," Aand) o :H," H," A# H," H," A
are the invertible morphismsgiven by

gL n o H n X ’ X ig T
*a= (&) ida) L (id, " T 1 g
y

) . . " 1i0,my i _ -
) 4= (g 1 (€)™ " ida) / (idy " €40 ) 1 €0 | (g " ida).
Then, for any morphism F': A# B in H"(G), the relation (g2) implies that

*pl (id,"id, " F) = (id, " id, " 3Y*(F)) | * 4,
) 5/ (id,"id, " F)=(id, " id, " 3®¥(F)) /) a.
From the former equality, it alsofollows that
* 24 (id, " idy, " 3vE(F)) = (id, "id, " F) [ * )t
Summingup, we have
) 5/ *EH(id, " id, " 3P(F) = (d, iy " 3T(F)) 1) a ) ¥

By applying 3¥* to both the menbersof this identity in H"(G), we get the following
identity in H"(G *o'l):

370 pl* 5"/ (dy "idy " 3%(F)) = (idy " idy " 37(F)) [ 3%() 4l * 1Y),
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where we have usedthe fact that 3%*/ 3¥* = 3%* and 3¥*/ 3%¥ = 3%¥ (cf.
Theorem8.1b) and c)).

Finally, we composewith €y " €1 " idg on the left and with my " nx, "id 4
on the right, to obtain the deS|red|dert|ty vg? | 3V*(F) = 3%Y(F) v 3} !

Now we proceedwith the main result of this section, namely Theorem 8.6,
which is a reformulation of the brst part of Theorem 1.2, concerningreduction and
stabilization maps,in the generalcontext of the ribbon Hopf algebrasH"(G), where
Gis an arbitrary (Pnitely generated)connectedgroupoid G (cf. Paragraph5.1). But
beforestating the theoremwe needsomepreliminaries.

Recall that, given a connectedgroupoid G, a morphism F' in H"(G) is called
completeif the elemerts of G occurring aslabelsin a graph diagram of £ together
with the idertities of G generateall G, i.e. any elemen of G which is not an identity
can be obtained as a product of sud labels or their inverses.Obsene that the
debnition is independert on the choice of the particular diagram represemation of
F, sincethe only new labelsthat can appear or disappearin the equivalencemoves
of H"(G) are identities of G or products and inversesof labels already occuring.

On the other hand, given any g - G, we can use equivalencemovesto change
any diagramrepreseting a completemorphism F', into a new onewhereg occursas
a label. Namely, move (s2) allows usto createa new edgewhoselabel is the inverse
of a preexisting one, while applying the move in Figure 106, possibly after isotopy,
allows us to createa new edgewhoselabel is the product of two preexisting labels.
Sinceby the completenes®f F, g is a product of labelswhich appearin the original
diagram or their inverseswe can evertually createan edgelabeledby g.

g h g h
(a2-2")
(a6)
g h g h

Figure 106. (g- G(i,j), h- G(j,k)) [a/29].

We denote by I-T“(G) the set of closedcomplete morphismsin H"(G). Notice
that the set H™“(G) of closedcomplete morphismsin H"(G) is non-emply if and
only if Gis Pnitely generated,which in turn implies that Obj G is Pnite.

Lemma 8.5. Let G be a connectedgroupoid and F' - I—T’"vC(G). Then for any
g - Gthere existsa morphism F” in H"(G) sudh that F' = F'/ L,.

Proof. According to what was said above, we can assumethat F' cortains an
edgelabeledg. Then F' canbeisotopedto the form F'/ L, for a suitable morphism
F’"in H"(G), asshawn in Figure 107.!

F o F o F o F'o
g 9 g

NN NN NN

(f3) (f1)

Figure 107. Isotoping F to F'/ L,.
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Theorem 8.6. Any full inclusion G ' G of Pnitely generated connected
groupoids uniquely determinestwo bijective maps

A(G # HPYG) and g iH(G) # H™(G),

which we call respectively stabilization map and reduction map, sud that:

a) ,¢ and.g areinverseof eat other;
G_ G_ iy
b) .¢=.¢= |dHr,c(g) and moreover

g!! g! _ g!! g! g!! _ g!!
,g!/,g—,g and .g/.g!—.g

for any other full inclusionG ' G’ of groupoids as above;
C) if x- G(io, ko) with io £ ko, then
,g\kO(F) = F" (e, L,) forany F- H™(G k),

.g\ko(F) = 3%F')/ m,, forany F=F'I L, - H’"vC(G).
Moreover, g and g induce bijective maps between the sets of closedcomplete
morphismsof the quotient categories

0, ¢ 1oH™(G) # 9*H™(G) and 9.9 : *H™(G) # I*H"*(G),
0, 1OH™(Q) # oH™(G) and 9. :9H"(G)# IH"(G).

Proof. We begin by verifying that c) givesa good dePnition for the two maps
Larko - : H™e(G o) # H™°(G) and . Gk (H™ (G # H”(G‘ko)
Concerning, ¢ \ky» We have to prove that for any I - H’“C(G‘ k0) the morphism
F" (e, ] L) belongsto H"C(G) and doesnot depend on the choiceof x. The only
non-trivial point in the Prst assertionis the completenes®f F' " (e, / L,) in H"(G).
This follows from the completenes®f F' and from the fact that G *o togetherwith
generateall G (cf. Paragraph5.2). The independenceon « is proved in Figure 108,
wherey - G(jo, ko) With jo = ko and F” is a morphism in H"(G*) sud that
F = F"| yz, whoseexistenceis guararteed by Proposition 8.5.

o s Iz s o Iy

F!! I‘L o F!! (,V\I/) F!! A ‘
((azz)) y  Jz @) y (2) (a2)
20T az A "7 s ">
y.Ll (a6) yxr yxr yxr y y.],l

Figure 108. F" (',/L,)=F " (,/L,)in H"(G) [a/29,i/34].

Passingto . \ko, we have to prove that for any F' - H”(G) and any decomp-
sition F' = F'/ L, the morphism 3*(F) / n, belongsto H”(G‘ ko) and does not
depend on the choice of the decompsition. As above, for the prst assertionit is
enoughto obsene that 37(F) / m, is completein H"(G %), sincethe labels oc-
curring in it include the imagesunder the functor _* of those occurring in F, so
they generateall G*°. To seethat two dilerent decommsitions ' = F'/ L, with
x - G(io, ko) and F' = F"[ L, with y - G(jo, ko) giveriseto the samereduction of F,
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without lossof generality, we may assumethat those decompositions are obtained
by isotoping edges,asin Figure 107, of two diagramsrepreseting F. Assumebprst,
that thosetwo diagramsare the same,i.e that the decompositions are obtained by
starting with the samediagram and making two dilerent choicesof an edgeand an
isotopy. By isotoping both edgessimultaneously we obtain a third decomposition
F=F"I(L," L,) (the certer diagram in Figure 109) suc that, up to isotopy,
F'=F"] L,and F" = F"[ L,. Then the functoriality of 3 and 3¥ implies that

3*(F") I (77, " Lyz) is equivalert to 3°(F") / my,, and 3Y(F") | (Lyy " m,,) is
equivalert to By(F”)/ My, N H™¢(G *0) (the eqw\alenceson the left and on the
right in Figure 109). Thereforeit is enoughto shaw that 3“(F"™)/ (n," Lyz) and
3Y(F") I (Lyy " my,) areequivalert in H™¢(G *0), which is donein Flgure 110.Now
the mdependenceon the particular diagram represeting F, follows from the fact
that all elemenary relations are local. So, by the argumert above, when applying
a relation to the diagram of F', we can always choosethe isotoped edgeproducing
the decompsition F = F’'/ L,, away from the support of the relation and think of
the relation asif it were applied to the diagram of F’. Now the statemert follows
from the functoriality of 3*. This concludesthe proof that the stabilization and the
reduction mapsin c) are well debned.

I X(F) L X(F") F LY(F") L Y(F")

lxx : ixx Jl'yi Jl'x Jl'y Jl'XV iyy lyy

Figure 109. Two different reductions of F =F" / (L, " L,).
yX yX yX
|><|:!!! “ !XF!!! “~ !yF!!! o !yF!!! o !yF!!!
(F5) ) (F5) o FO (F5) o5 (F%)

lyv (i) lxv lyv

F o G

Figure 110. 3%(F")/ (&z "
q/52, s/31].

&) [a/29, /35, i/34,

Now we wart to show that the maps, ¢ v, and. g\k debnedin c) are inverseof
eadt other. Indeed, given F' - H”(G k) and z - G(ig, ko) With ig £ ko, Theorem
8.1 b) implies that 3*(F) = F. Then. g\ko(, o () = .g\kO(F " (e | Ly)) =

37(F" ex)/ m, = F" (er,] my, ) = F.On the other hand, Figure 111 shows that
F= 1g\k0( g\kO(F)) for any F' - HTC(G) 5

At this point, we debnethe maps,g‘ and . by iteration. Namely, given the
full inclusion of groupoids G' G with Obj G’%Obj G= {ky,...,k,}, we consider
the sequenceS = G, 5 G\ = G,_15 ...5 G, = G1 5 Gy = G, and debne
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mw(F!)

x ! X
w 7]

(1) oz
|

EM; - (q2)
i
x| (a2)

Figure 111. F =,%, (.S, (F)) [a/29, f/35, /34, q/52, s/31].

1 G ko \" G ko

¢ _ G Gs G g _ & Ga G
’g_’G}:k"/"'/’G‘QKZ/’G‘lkl and 'g_'G‘lkll'c‘ﬁ/”'/'c‘:k”'

Obsene that the maps, g! and g are inversesof ead other and since the
debPnitionof Prst map is obviously independert on the choiceof ordering of Obj G %
Obj G, the samemust be true for the secondone. Then properties a) and b) are
trivially satisbed.

Finally, the induced mapsbetweenthe setsof closedcompletemorphismsof the
quotient categoriesare dePnedsimilarly to , ¢ and . ¢, by replacing3” with the
inducedfunctors 9*3* and 03¢ (cf. Theorem8.1). !

8.7. Proof of Theorem 1.2. We remind that H] = H"(G,), where G, is the
groupoid with Obj G, = {1,2,...,n} and G,(¢,j) = {(i,5)} forany 1! i,j ! n.
Then Theorem 1.2 is essetially the specialization of Theorem 8.6 to the casewhen
G= G,, G = G, and the full inclusionG,,' G, is the canonicalone; moreover, the
notations ,”, = , & and.” = .& have beenused.Then the equality #,,/ , 7, =
, m! # m followsdirectly from the depPnitionsof the functors#, and of the stabilization
maps. !

9. From surfaces to the algebra

This sectionis dedicatedto the proof of Theorem1.3. First of all, given a strict
total order < on Obj G,, we debPnethe functor % : S, # HT in the following way:
on the objects %; is uniquely determinedby the idertities

%, (i 7)) = Hay ifi<j,
%, (A" B) = %;(A) " % (B),

while Figures 112 and 113 descrike the imagesunder %; of the elemetiary mor-
phismsof S,, (the image of any labeling of the morphism presetted Figure 21 (€),
is dePnedthrough relation (16) in Figure 22).

Then Theorem 1.3 states that %; is a braided monoidal functor and if <’ is
another strict total order, there is a natural equivalencer : %< # % which is
idertity on the empty set.

The proof of the theoremwill make useof the relations (t8) and (t9), which are
introducedin the next proposition for an arbitrary groupoid G. Given g - G(i, j)
with 7 = j, let T, : H, # H; be debnedas in Paragraph 6.7. We remind that
T;1 T, = id, (cf. (t3) in Figure 59).
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) (.4) (5" (ij) (4" (i, 4) (i 5) (i,9)

(t7) (ij)
AN AN 1
(i 5) (i,9) \' }
(i) () (i,7) (&5 (i9) (i.9)
ﬂ ~ T m m 7)) ) (i.9) (i ) (i,9)
(i j) (i,7) (i7) (i) (i,7) ) J
(i 7) (i, 7) (i) (i3) ) (,9) N A -1
-1 U~-U D
(t7) (@5

(i,7) ( (i §) (4, 7)

Figure 112. Definition of U= —~ I (i < j,i'<j!).
(i k) (i. k) G k) )

AN AN
(i§) @.7)
i) Gk (i) (.k) @) @ik (i) (k) 1
AN
(i) @ ]) (k) (4.k)
@5 @) (.j) (.j)
AN AN
(i) (1)

(k) Gk (i, k) (.k) @ik () (i, k) (i, 1)
AN
() @ ]) (i k) (i, k) T
@ip) (hh) @i,7) (h1)
avad AN
(K (k) (4.k) (i, k) (K () (.k (@)

Figure 113. Definition of U ~II (i< j < k,h<land{i,j}* {h,I} =©).

Pr oposition 9.1. Let H"(G) be the universalribbon Hopf G-algebra.For any
g,h - G(,7) with 7 = j, debnethe morphismsq]ﬁh “H," Hy, # H,,, asfollows:

C;,h = mh,gh/ (idy " mg7h)/ ('Yg,h "idy) / (idg "),
o= Mngn ! (idy ™ mgp) | (Fon " idy) 1 (idg " " 4).

Then (cf. Figure 114)
c;h/ (idg " vn) = ¢, p (t8)
con= Tign ! c+7/ (T, " T). (19)

g7

hgh hgh hgh hgh
(18) (t19)
L a4 L a4
o
g h g h g h g h

Figure 114. Relations of Proposition 9.1 (g,h - G(i,j), i =j).
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Proof. SeeFigure 115. !

hgh hgh hgh hgh hgh
NN NN L a4 NN
(p10) (s4) (a3) (r5)
1 (a9 (r5-5") (ad) (s4)
(t2) (p9) (t2)
(a3)
g h g h g h
hgh hgh h gh hgh hgh
~1
L L g NN NN
(t3) (a3) (r5) (t8)
(t1) (s4) (s3) <g (t1)
(r5) (s4) (t1-2) J h

Figure 115. Proof of Proposition 9.1 [a/29, p/40, r/37, s/31, t /41-67].

Obsene that, whenG= G, and g = h = (, ), Si,i/ ¢t (id, " Tp) is exactly
the image of the uni-coloredsingular vertex under %, (cf. lq—‘lgure 113).

9.2. Proof of Theorem 1.3. Given any two strict total orders < and <’ on
Obj G,, for any object A in S, we debnethe invertible morphism 74 : % (A) #
%; (A) by induction, accordingto the relations

o= id(i’j) : H(i,j) # H(@j) if 4 <7 and i <’ 7
(@.9) T(i’j) : H(i,j) # H(jﬂ-) if 4 <7J andj <

— d — n
T1 =101, TaoB= TA TB.

Then for any morphism F': A# B in S,, represeted asa bxedcomposition of
products of elemenary morphisms,we have the following comnutativ e diagram:

Indeed, the comnutativit y in the casewhen F' is an elemetary morphism can be
easilyderived from the debnitionof %, by usingthe relations (t3) in Figure 59, (t4)
in Figure 60and (t9) in Figure 114, while the extensionto an arbitrary composition
is allowed by the relation (t3).

Now we have to shaw that %; is well-debPnedon the level of morphisms.In other
words, that it sendslabeled rs-tanglesrelated by any of the debPningmovesof S,
(the labeled versionsof the movesin Figures 22, 23, 24 and 25 together with the
movesin Figure 3) to labeled graph diagramsrepreseting the samemorphism in
H’. In showing that, by the comnutativit y of the above diagram, we can choosethe
most corveniert order < for ead singlemove.
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We remind that move (16) in Figures 22 was usedto debnethe imagesunder
% of the morphismson the left hand side, so there is nothing to prove for it.
Analogously for (R2) in Figure 3 it su"ces to look at the depnition of % .

Here belonv we indicate how the veribcation goesfor the remaining moves (ac-
tually, most of them essetially rewrite the algebraaxiomsand the relationsin H”
proved in Sections5 and 6).

(11), (17-7") and (18-9) follow from the braid axiomsin Figure 34 (p. 29).

(12-2) correspnd to axioms (f3-3') in Figure 41 (p. 33).

(13) follows from one of the botton-left duality movesin Figure 45 (p. 34).

(14) follows from relation (p4) in Figure 55 (p. 40).

(15) follows from move (f4) in Figure 42 (p. 33).

(110), (112-12") and (113) follow from the ribbon axiomsin Figure 50 (p. 37).
(111) follows from relations (f6) in Figure 48 (p. 35) and (t2) in Figure 59 (p. 41).

(114-14') for a bi-coloredsingular vertex are trivial, while for a tri-colored singular
vertex follow directly from (t6) and (t7) in Figure 60 (p. 42). The proof for a
uni-colored singular vertex is presertied in Figures 116 and 117, where Figure
116 shows that the image under %; of the labeled rs-tangle in the middle of
(114-14') is equivalent to the third graph diagramin Figure 117.

(i,9) (i.5) (i,9) (i,9) (i,7) (i,9)

1 s s s s s
(t1) (a3) (s4) (f7) (r5’
(f8) (a3) 2 (f2) (f5)
(f2) (t2) (f8) 2 (t2)

(i,9) (i,9) (i,) (i.4) (i,9) (i, 7) (i,9) (i) (i,9) (i.4) (i,9) (i.5)

Figure 116. Proof of (114-14') in the uni-colored case — I (i < j) [a/29,
£/33-33-35, p/40, r/37, §/31, t /41].

@.J) (@.J) @.J) @ J) (.J)

a3 ?{ oy oy @

(t1-2) (t5) (t5) (s4)

( (r5 5) 11 (o)
11

(,7) (i, §) (1) (i,1) (,7) (i, 1) (0,3 (i, 3) (0,3) (i, §) (0,3) (i, §)

Figure 117. Proof of (114-14') in the uni-colored case — II (i < j) [a/29, r/37,
s/31, t/41].

(115) follows from relation (t5) in Figure 60 (p. 42).
(126) follows from the debnition of the coform (f1) in Figure 41 (p. 33).

(117) for a bi-coloredsingular vertex reducesto a crossingchange,soit followsfrom
axioms(rll) in Figure 51 (p. 37). For a tri-colored singular vertex the proof is
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presened in Figure 118, while for a uni-colored singular vertex it is presened
in Figure 119.
(118) correspndsto the bi-algebraaxiom (al) in Figure 35 (p. 29).

(119) is presetted in Figure 120.

(i,k) (i, k) (i C (i, k) (i C (i, k) (1.k) 9‘0 ] ,E(i, k) (i.k) (Jk)
\ (5) |, ®2) (s4) (r11’)
(12) (r5') (£6)
) (p5)
(p10)
(i,3) (G.k) (iJ) (G.k) (,5) (G.k) (i,]) (i.k) (i,J) (G.k) (,5) (k)

Figure 118. Proof of (117) in the tri-colored case (i < j < k) [f/42, p/39-40,

r/37-41, /31, t /41].

(,1) (,1) @,j) (,§) @) (,7)
1 1
AN a2
(t3-4) (al)
(p10)
(r5)
(t1-2)
(,7) (1) @,j) (,§) (,§)
@) @,5) (i,7) (@i,j)
1
(i,§) (@i,j) a,5) @)

(t1)
(r2)
(r5)
(t1)
(p107)
(al)

(p10)
(t2)
(r5")
(r2)
(t2)

(,3) (i.§)

(i, 1)

(i,1)

(i,1)

(i,1)

(i, 1)

(i, 1)

(t1-2)
(r5-5")
(s4)
(s4)
(p1)
(t3-4)
(p2)

(5) (.5)

(.7) (i.1)

Figure 119. Proof of (117) in the uni-colored case (i < j) [a/29, p/39-40,

r/37-37-41, s/31, t/41].

(i, ) (i, 5) (i,7)
1
1
LY
(£3) (a2')
(£8) \} (ad)
(f1-2) (s1)
(r5) (al-3)
r5-5'
(4, 7) (&1) (4, 7) ( >(i‘j)

(i,7)

(f1-2)

(i, 5)

(i,7)

Figure 120. Proof of (119) (i < j) [a/29, f/33-35, /37, 5/30, t /41].
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(120) follows from (a6), (s6) and (r2) respectively in Figures35 (p. 29), 39 (p. 31)
and 50 (p. 37).

(121) for bi-coloredsingular verticesis trivial, while for tri-colored singular vertices,
with the proper choice of the order <, it correspndsto the bi-algebra axiom
(a5) in Figure 35(p. 29). The proof for uni-coloredsingular verticesis preserted

in Figure 121.

1)

(£6)

(p5)

(al-3)

(r5-5")

(i,j) (,4)
(i) (,§)

)
ab)
4

(L) (.7) (ij) (i.j) (3) (1)
Figure 121. Proof (121) in the uni-colored case (i < j) [a/29, p/40, r/37—37,
s/31, t/42].

(i.j) 1)

(t2) (s4) (a3)
(p1-2") (£6) (r11)

(15) (p5)

(t2) (al-3) .
(p10) 1 1

(122) is the most complicatedrelation to dealwith, sincethe sourceof the involved
morphismsconsistsof three intervals which can be labeledindependerily from
ead other, sothere are many dilerent cases.First of all, we obsene that the
presencef disjoint labelsallowsusto simplify the relation by usingmove (R2) to
remove the bi-coloredsingular vertices.In particular, suc simplibcation makes
(122) trivial when the label of the rightmost interval is disjoint from the other
two, while it makes (122) easily reducible to other moves (namely (13), (15),
(126) and (120)) when the leftmost and the rightmost intervals have disjoint
labels. Up to conjugation, the only remaining labelings of the three intervals
which include a pair of disjoint labelsare givenby the sequencesi j) , (5 k), (k )
and (i 7),(i k), (i« ) wherei, j, k,[ are all distinct. The Prst casecorrespnds,
modulo move (R2), to the bi-algebra axiom (a3) in Figure 35 (p. 29), while
the secondcaseis treated in the top line of Figure 122. The bottom line of
the samebgureconcernsthe unique remaining casewhen a bi-colored singular
vertex occurs(evenif thereis no pair of dijoint labelsin the source).The rest of
the casesare grouped dependingon the number of uni-coloredsingular vertices:
the three caseswith only onesud vertex are preserted in Figure 123;the single
casewith two uni-colored verticesis consideredin Figure 124; bnally, the last
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(. k)

rJ 7 \}

i.5) (k) ( (i, k) (i, k) (3,1)

(k1)
t3 7)
\YJ (IJ5

(r11)

(i) (i,k) (5,1) (ik) (5,1) (i, k)

Figure 122. Proof of (122) in the non trivial cases when a bi-colored singular
vertex occurs, (i < j < k<) [a/29, r/37-37, s/30, t /41].

(i, k)
1
EJ 9)
(t3- 7 (r5-5")
r5 5) (al-3)
(s1)
(i,

(i,5) (k) (.])
(i,3) (ij)
1 “~
(t3)
(t4) (r5-5")
(r5) (al-3)
) (a3) (s1")
(i.3) 4.k (G.k) (i3) 4.k .k
(i, k) (i, k
“
(t7)
(r5) 43)
(i,5) 4.k (i, k) (i) G.k)

Figure 123. Proof of (122) in the cases when one uni-colored singular vertex
occurs (I < j < k) [a/29, r/37, s/30, t /41-67].

(i, k) (i, k) (i, k) (i, k) (i, k) (i, k)
1
1
AN AN AN e a4 1
(13-9) ey (t1-2) (a3) (t1-2)
(t8) (a5) (s4) (s1) (t8)
(55 -1 (al-3) r (a3) ( (3-9)
-1
W5 (1) G @i G Gk QD) 6D G0 W5 (1) Gk OO G G G 68

Figure 124. Proof of (122) in the cases when two uni-colored singular vertices
occur (i < j < k) [a/29, r/37, s/30, t /41-67].
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1
L avad AN
(t1-2) (a1
(t3) (t5)
(r5-5") (t8)
(ab) (a3)
(t3-4) (s4)
1
a,7) () (1) G,5) G,5) G.j)
@,7) (3]

LY d
(a3)
(p5)
(f6)
(p5)
(f6)
(a5)
(P (S DI ()] @i.])
(1)

LYl L avad
(s4) (al)
(a3) (s4)
(s4 (p10)

(t2)
(r5)
(p2")
(t2)

() (i§) (§)

(i.1)

(i, 1)

(i, 1)

(i,1)

1

(r5-5Y) i.j) (.j) (i.])

(i.1)

(a3)
(p5)
(6")
(p1)
(a3)
(s4

NN
(a1-3)
(s4)
(t2)
(15"
(s1)
(t2)
(r5-5Y
(sH)

@) () .5 G5y )

.5 G5y ) @5 G )

(1) (CS))

a,0) () (1)

() (i5) (.j)

() (5 (j)

Figure 125. Proof of (122) in the uni-colored case (i < j) [a/29, p/39-40,
r/37-37, 5/30-31, t /41-67).

@,) (.) @,]) (1) (.7) (.)
12 12
NN NN NN 1

s4) (r11% (t2) (a3) (t1)
(t2) (al) (r5-5Y) (p7) (r5-5')
(r5-5") (p1-2) (s4) (r5) (t3-9)
(p1)

(I (¥ (ll)(ll) @,5) (.]) () G.)) @) (i) () (i)

Figure 126. Proof of step (4) in Figure 125 [a/29, p/40, r/37-37, s/31, t /41-67].
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casein which all singular vertices are uni-coloredis shown in Figures 125 and
126.

(R1) follows from the relations (t3) in Figure 59 (p. 41) and (t6) in Figure 60 (p.
42), taking into accoun that 7' propagatesthrough the form and the coform,
dueto (f7-8) in Figure 46 (p. 35) and (p3-4) in Figure 55 (p. 40). !

9.3. Proof of Theorem 1.4. The fact that #,(%,(F)) = K for any F - SA;EL
can be seenby comparingthe debnitionsof #,, (cf. Figures 64 and 65) and %, (cf.
Figures 112 and 113) with the description of K givenin Section4 (cf. Figures 29
and 30). Hence, asdlscussedafter the statemert of the theorem (at p. 7), it su"ces
to verify that the map %, : C HTc is surjective for n $ 4. Actually, we will do
this forany n $ 3.

Let F be an arbitrary morphismin I—T;”;C with n $ 3, represeted by a given dia-
gram (without using copairingsand form/coform notation). An edgeof the diagram
will be calledan i-edge 1! ¢! n, if it is labeled (i,7) and it is not attached to
one positive tri-valent and one positive integral vertex. Moreover, a vertex will be
called an i-vertex if it is not a positive integral vertex and all edgesattached to it
are labeled (i, 7).

As a preliminary step, we will shav how to transform the diagram represeting
F into an equivalert one,whereno i-edgesappear for any 1! ! n. Actually, the
Pguresbelonv deal only with edgesof zeroweight and not cortaining the antip ode
morphism, but the generalizationto other weights or to the presenceof the antip ode
is straightforward. Obsene alsothat sinceF’ is completeandn $ 2, we may assume
that near a given i-edgethere is a counit ¢ ; with < £ j (sudh a counit can be
obtained by move (a2) from an edgelabeled(z, j) and then isotoped everywhere).

We start by eliminating all uni-valent :-vertices as descriked in the brst three
movesin Figure 127.Then by applying, if necessarythe edgebreakingshawn in the
fourth move in the samebgure,we obtain a diagram whereall i-edgesconnecttwo
tri-valert verticessud that at most one of them is an i-vertex.

(i,7) (i,4) (i, 1) (i,i) (i,i) (ii)

| |

(1,1) (i, ) (1) (,4) (i,4) (i,7) (i,9) (i,9) (,4) (i,])

Figure 127. Eliminating uni-valent i-vertices (i +=j) [a/29, s/30].

We proceedby eliminating the tri-valert :-vertices, starting with the negative
onesasshown in the leftmost move in Figure 128and then usingthe two other moves

20 ALEre F

Figure 128. Eliminating tri-valent i-vertices (i #+j) [a/29].
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in the samebgure(or their vertical ref3ections)to eliminate the positive i-vertices
aswell.

At this point, the only remainingi-edgesgconnecttwo positive tri-v alert vertices
none of which is an i-vertex. Sut edgesare eliminated through the moves shavn
in Figure 129 (or their vertical rel3ections),where,sincen $ 3 and F' is complete,
without loss of generality we have assumedthat there exists closeby a counit of
label (7, k) with ¢ = j = k= 4.

(i, k) (i, k) (i,1) (i)

(a3)

(i,3) (. 1) (i, k) (i,J) (. 1) (i, k) (k) (i 3) Gy (5) (k) (3) G.1) ()

Figure 129. Eliminating i-edges connecting two tri-valent vertices none of which
is an i-vertex (i =) =k 1) [a/29, s/30].

In this way we have represeted the morphism F' by a diagramin which any edge
labeled (7, 7) is attached to one positive tri-valent and one positive integral vertex.
Then, by using the form notation introducedin Figure 41, we can eliminate those
exceptionaledgesas well, obtaining a diagram of F' whoselabelsare all of the type
(i,7) with ¢ = 5.

Now, given any order < on Obj G,, we modify this last diagram of F' in sucd a
way that the labels (i, j) with j < i are concenrated at short arcs of zero weight
delimited on one end by a uni- or tri-valert vertex and on the other end by an
antip ode. This can be done by using relation (t2) in Figure 59 to convert all the
inversesof antip odesinto antip odesand to create/eliminate pairs of antip odesalong
the sameedge(at the cost of adding sometwists) and relations (f7-8) in Figure 46,
(p1-4) in Figure 55and (r4) in Figure 50to slide antip odesand twists along edges.

Then, we remove thoseof the short arcsabove, which are attachedto uni-valert
verticesand to negatiwve tri-valert vertices by applying moves (i4-5) in Figure 44,
(s5-6) in Figure 39and (t4) in Figure 60. The antip odesstill presert in the diagram,
bound short arcs attached to positive tri-valert verticesand using relation (t1) in
Figure 59, we expressthem in terms of the morphisms7j; ;.

We bnishthe proof of Theorem 1.4 by observingthat the resulting diagram of
F'is a composition of the diagramson the left sideof Figures112and 113,henceF
is in the imageof %,. !

9.4. Proof of Theorem 1.5. According to Proposition 7.2, #,, inducesfunctors
O#,:0H! # 0K, and 0#,, : OH] # OK,, betweenthe correspnding quotient
categoriesMoreover, by the last part of Theorem8.6,. " and, |, inducewell debPned
bijective mapsbetweenthe closedcompletemorphismsin thesequotient categories
for any m < n. In orderto completethe proof of Theorem1.5we only needto show
that the functor %, inducesfunctors

0%, :0*S, # O*H, and 0%, :0S,# OH/,
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in other words that the imagesunder %, of the two sidesof the relation (T) (resp.
relations (T), (P) and (P’)) in Figure 4 are equivalert in 0*H’ (resp.0H?). This is
donein Figures130(resp. 131). !

(U) dl
(r5) p12
(s3) (i,7) (i,7)

IJ (i, 5) (i,5) (i,4) 1] ’J

Figure 130. Proof of (T) in ! *H” (i < j) [a/29, f/33-35, p/40, s/31].

() (i,9) (i,7)

Figure 131. Proof of (P) and (P') in ! H” (i < j) [d/43, r/37, s/30].

10. App endix: pro of of Pro position 3.1

We start with Proposition 10.1 which expressesl-isotopy of ribbon surfaces
through moves of planar diagrams. Namely, up to isotopy of planar diagrams, we
have three typesof moves:those which changethe ribbon surfaceby 3-dimensional
diagram isotopy while preservingthe ribbon intersectionsand the core graph, de-
scribed in Figure 23 (p. 20); thosewhich changethe coregraph, depictedin Figure
24 (p. 21); those which interpret the 1-isotopy movesof Figure 17 in terms of pla-
nar diagrams, as shovn Figure 25 (p. 21). Of course,in this cortext we disregard
the movesof Figure 22 (p. 20), sinceisotopy of planar diagramsis not required to
presene y-coordinate. Theselast moveswill becomerelevant when we will switch
to the categoricalpoint of view of Proposition 3.1.

Pr oposition 10.1. The ribbon surfacesrepreseted by two planar diagrams
are 1l-isotopicif and only if their diagramsare related by a bPnite sequencef planar
diagramisotopies(induced by ambient isotopiesof the projection plane) and moves
asin Figures 23, 24 and 25 (all consideredup to planar diagram isotopy).

Proof. The OifDpart is trivial, sinceall the movesin Figures 23, 24 represen
special 3-dimensionaldiagram isotopies,while the movesin Figure 25 are equivalernt
to the 1-isotopy movesin Figure 17 up to 3-dimensionaldiagram isotopy.

In orderto prove the Oonlyif Opart, we considertwo planar diagramsrepresei-
ing ribbon surfacesF, and F; asregular neighborhoods of their coregraphs Gy and
G4, sud that there is a 3-dimensionaldiagram isotopy H : (F,G) 0 [0,1] # R®
taking (Fo, Go) to (F1,G1). Contrary to our generalconvertion, herewe think of F
as a 3-dimensionaldiagram, i.e a singular surfacewith ribbon self-inersectionsin
R3. Notice that the intermediate pairs (F}, G,) = H((F,G),t) with 0 < t < 1 do not
necessarilyproject suitably into R? to give planar diagrams.
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Of course we canassumehat H is smaoth, asa map debPnedon a pair of smooth
stratiPed spacesand that the graph G, regularly projects to a diagram in R? for
eweryt - [0, 1], excepta bnite number of tOsorrespnding to extendedReidemeister
movesfor graphs.For suc exceptionaltOsthe linestangert to G, at its verticesare
assumednot to be vertical.

Wedebnet ' GO0 [0, 1] asthe subspaceof pairs (z, t) for which the plane T, F;
tangert to F; at x; = H(z,t) is vertical (if - G is a singular vertex, there are two
sud tangert planesand we require that one of them is vertical).

By a standard transversality argumert, we can perturb H in sud a way that:
a) + is agraphimbeddedin G 0 [0, 1] asa smaoth stratiPed subspaceof constart

codimensionl and the restriction n : + # [0, 1] of the height function (x,t) &#t

is a Morse function on ead edgeof +;
b) the edgesof + locally separateregionsconsistingof points (x,t) for which the

projection of F, into R? hasopposite local orientations at z;;

c) the two planestangert to any F; at a singular vertex of GG; are not both vertical,
and if oneof them is vertical then it doesnot cortain both the linestanger to

G, at that vertex.

As a consequencef b), for ead Rat vertex x - G of valency one (resp. three)
there are bnitely many points (x,t) - +, all of which have the samevalency one
(resp. three) as vertices of +. Similarly, as a consequencef c), for eah singular
vertex z - G there are Pnitely many points (z,t) - +, all of which have valencyone
or two asverticesof +. Moreover, the above mertioned verticesof + of valencyone
or three are the only verticesof + of valency= 2.

Let 0 < t1 < t» < ... < t; < 1 be the critical levels t; at which one of the
following facts happens:

1) G doesnot project regularly in R?, sincethere is onepoint z; alongan edgeof

G sud that the line tangert to G, at H(x;,t;) is vertical,

2) G, projectsregularly in R?, but the projection of G; is not a graph diagram,
dueto a multiple tangencyor crossing;

3) thereis onepoint (z;,t;) - + with x; a uni-valernt or a singular vertex of G;

4) there is onecritical point (z;,t;) for the function n alongan edgeof +.

Without loss of generality, we assumethat only one of the four casesabove
occursfor ead critical level ;. Notice that the points (z,t) of + sud that = - G
is a [Rat tri-valert vertex represen a subcaseof 2) and for this reasonthey are not
includedin 3).

Fort - [0,1]%/{t4,10,...,t;}, there existsa su“ciently small regular neighbor-
hood N; of G, in F}, sudh that the pair (V;, G;) projectsto a planar diagram, except
for the possiblepresenceof someribbon intersectionsprojecting in the wrong way,
asin the left side of Figure 132 (notice the dilerence with the ribbon intersection

Figure 132. Reversing a wrong projection by an auxiliary half-twist.
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in Figure 18). We bx this problem by inserting an auxiliary positive half-twists
along the toungescortaining thoseribbon intersections,as shown in the right side
of Figure 132. The resulting ribbon surfacesstill denotedby N;, projectsto a true
planar diagram.

Actually, we modify the NV,0Osall together to get a new isotopy where no wrong
projection of ribbon intersectionoccurs,sothat N, projectsto atrue planar diagram
for eath t - [0,1] % {t1,12,...,tx}. Namely at ead critical level when a wrong
projection of aribbonintersectionis goingto appearin the original isotopy, we insert
an auxiliary half-twis, to prevert the projection from becomingwrong. Sud half-
twist remainscloseto the ribbon intersectionuntil the prst critical level when the
projection becomegyood againin the original isotopy (rementber that 3-dimensional
diagramisotopy presenesribbon intersections).At that critical level we remove the
auxiliary half-twist. We remark that the secondpart of condition c) is violated when
inserting/removing an auxiliary half-twist at critical points of type 2), asit canbe
seenby looking at Figure 133.

|
N

)
1

We obsene that the planar diagram of /V; is uniquely determinedup to diagram
isotopy by that of its core G; and by the tangent planesof F; at G;. In fact, the
half-twists of /v, alongthe egdesof G; correspnd to the transversalintersectionsof
+ with G 0 {¢} and their signs,depend only on the local behaviour of the tangert
planesof F;. In particular, the planar diagramsof (Ng, Go) and (N1, G1) coincide,
up to diagramisotopy, with the original onesof (Fo, Go) and (F1, G1).

If the interval [/, "] doesnot cortain any critical level ¢;, then ead single half-
twist persists betweenthe levels ¢’ and t”, and hencethe planar isotopy relating
the diagramsof Gy and Gy also relate the diagrams of Ny and Ny, except for
possible slidings of half-twists along ribbons over/under crossings.Therefore the
planar diagramsof (/Vg,Gy) and (Ny,Gy) are equivalert up to diagram isotopy
and moves(18-9) in Figure 23.

On the other hand, if the interval [t/,t"] is a su"ciently small neighborhood of
a critical level t;, then the planar diagramsof Ny and Ny are related by the moves
in Figure 23, dependingon the type of ¢; asfollows.

If ¢; is of type 1), then a positive/negative kink is appearing (resp. disappearing)
along an edgeof the core graph. When the kink is positive and (z;, ;) is a local
maximum (resp. minimum) point for », i.e. two positive half-twists alongthe ribbon

e

3 1
3 1

Figure 133.
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correspnding to the edgeare being corverted into a kink (resp. vicewersa), the
diagramsof Ny and N, are directly related by move (111). The casesvhen (z;, t;)

is not a local maximum (resp. minimum) point for n, that is one or two negative
half-twists appear (disappear) togetherwith the kink, canbereducedto the previous
caseby meansof move (112). On the other hand, by usingthe regularisotopy moves
(17-9) in orderto createor deletein the usualway a pair of cancelingkinks (without

introducing any half-twist) along the ribbon, we can reducethe caseof a negative
kink to that of a positive one.

If ¢; is of type 2), then either a regular isotopy move is occurring between G/
and Gy or two tangert lines at a tri-valert vertex z; of the graph project to the
sameline in the plane.In the brst case the regularisotopy move occurring between
Gy and Gy, trivially extendsto oneof the moves(17-9). In the secondcase,r; may
be either a Rat or a singular vertex. If x; is a 3at vertex, then the tangert planeto
F, at H(x;,t) is vertical for t = t; and its projection reversesthe orientation whent
passedrom t’ to t”. Move (115) (modulo moves(17) and (112)) descrikesthe elect
on the diagram of sudh a reversion of the tangert plane. If z; is a singular vertex,
then Ny changesinto Ny in one of the four ways shown in Figure 132.In the top
(resp. bottom) line auxiliary half-twists are inserted (resp. removed) according to
what we have said above, while left and right columnsdiler for the edgeswhich
presen the commontangency at the critical level. All these modibcationscan be
reducedto moves(114-14’) by usingmoves(17) and (112).

If ¢; is of type 3), then either a half-twist is appearing/disappearing at the tip
of the tongue of surface correspnding to a uni-valert vertex or one of the two
bandsat the ribbon intersectioncorrespndingto a singularvertex is beingreversed
in the plane projection. The Prst casecorrespnds to move (113) (here we have
a positive half-twist, for dealing with a negative one we conmbine this move with
(112)). The secondcasemay happen in two dilerent ways, depending on which
band is being reversed.If sud band is the one passingthrough the other in the
ribbon intersection, then, we can transform Ny into N, by applying moves (110)
and (112). Otherwise,the projection of the ribb onintersectionis changingfrom good
to wrong oneor viceversa,and the appearing/disappearinghalf-twist is compensated
by the auxiliary oneup to move (112).

Finally, if ¢; is of type 4), a pair of cancelinghalf-twists is appearing or disap-
pearing along an egdeof the graph. This is just move (112).

At this point, in orderto concludethat the movesin the statemer of the theorem
su”ce to realize 3-dimensionaldiagram isotopy betweenany two planar diagrams
of a given ribbon surfaceF, it is left to prove that, giventwo dilerent coregraphs
G',G" of F' asabove, the planar diagrams F’ and F” determinedrespectively by G’
and G”, arerelated by thosemoves. This is quite straightforward. In fact, by cutting
F alongthe ribbon intersectionarcs,we get a newsurfaceF’ with somemarked arcs.
This operation also makesthe graphs G’ and G” into two simple spines7” and 7"
of I relative to those marked arcs (Figure 134 shows the elect of the cut at the
ribbon intersectionsin Figure 20).

From intrinsic point of view, that is consideringﬁ as an abstract surfaceand
forgetting its inclusionin R3, the theory of simple spinestells us that the movesin
Figures 20 and 24 su"ce to transform 7" into 7”. In particular, the Prst and last
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Figure 134.

movesin Figure 24 correspnd to the well known movesfor simple spinesof surfaces,
while the onein the midle relatesthe dilerent positions of the spine with respect
to the marked arcsin the interior of F. It remainsonly to obsene that, up to a
3-dimensionaldiagram isotopy preservingthe coregraph, henceup to the movesin
Figure 23, the portion of the surfaceinvolved in ead single spine modibcation can
be isolatedin the planar diagram asin Figure 24.

An analogousobsenation holds for the movesin Figure 25, which realize in
terms of planar diagramsthe 1-isotopy moves of Figure 17, up to 3-dimensional
diagramisotopy. !

Now we needto restrict oursehesto planar diagramswhich are oriented in a
special way with respect to the y-axis. This requiresan explicit description of the
ambient isotopy in the projection planein terms of moves.

A planar diagram of an rs-tangleis said to be in normal position with respect
to the y-axisif its coregraph satispeghe following properties:

a) ead edgeprojectsto aregularsmaoth arc immersedin RO [0, 1], sud that the
y-coordinate restricts to a Morse function on it;

b) vertices, half-twists, crossingsand local minimum/maximum points for the y-
coordinate along the edgeshave all dilerent y-coordinate (in particular, there
are no horizontal tangenciesat vertices, half-twists and crossings).

Figure 135showsthe dilerent ways, up to planeisotopy preservingy-coordinate,
to put the spots of Figures 18 (p. 18) and 19 (p. 19) in normal position with re-
spect to the y-axis, by planar diagram isotopieswich do not introduce any local
minimum/maximum for the y-coordinate alongthe edgesof the coregraph.

VI AAYY XX
YA

Figure 135.

We notice that all such local conbgurationsappear amongthe elemetary rs-
tangle diagramsin Figure 21 (p. 20), exceptfor someof thoseat tri-valert vertices
of the core graph. Namely, only the pbrst two of those at a singular vertex (that
meansat a ribbon intersection) and the prst of those at a RRat tri-valernt vertex are
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consideredas elemerary rs-tangle diagrams. The others can be expressedn terms
of them asin Figure 136.

yd¢ vV
LN-¢r=n
~-1 ¥-YzY

Figure 136.

On the other hand, all the elemenary rs-tangle diagramsin Figure 21 are in
normal position with respect to the y-axis. Hence,this is alsotrue for any iterated
product/composition of them, up to vertical perturbations to get property b).

Lemma 10.2. Through planar diagram isotopy, any planar diagram of an rs-
tangle can be presented as an iterated product/composition of the elemertary ones
of Figure 21 in normal position with respect to the y-axis. Moreover, any two sud
preserations of the samers-tanglearerelated by a Pnite sequenc®f planeisotopies
preservingthe y-coordinate, movesas in Figures 22 and 137 (all consideredup to
planeisotopy preservingthe y-coordinate).

(J1) >//< (1) (J2)

Figure 137.

Proof. Here we think of a planar diagram of the core graph of an rs-tangle as
a planar graph in itself, whosevertices, other than the uni- and tri-valert 3at ones
and the singulartri-v alert ones,alsoinclude bi- and four-valert verticesrespectively
at the half-twists and at the crossings.

In the light of the discussionabove, the brst part of the statemert is essehally
trivial. In fact, any planar diagram can be perturbed to get normal position with
respect to the y-axis and then made into an iterated product/composition of the
elemenary rs-tangle diagramsby local isotopiesasin Figure 136.
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The proof of the secondpart is analogousto the proof of the previous Propo-
sition. We start with an arbitrary smaoth planar diagram isotopy relating any two
given presertions asin the stamen. Then we usetransversality to perturb this iso-
topy in sucd away the diagramis in normal position with respectto the y-axis at all
the levels excepta Pnite number of critical ones.At thesecritical levelsthe planar
diagram of the core graph presens exactly one of the following properties:

1) the y-coordinate on oneedgeis not a Morse function;

2) oneof the vertices(including half-twists and crossings)asa horizontal tangert;

3) two points among the extremal onesalong edgesand the vertices (including
half-twists and crossings)have the samey-coordinate.

Away from critical levels the isotopy can be assumedto presene the y-
coordinate, while, as it is argued below, the moves of Figures 22 and 137 allow
us to realizeall the changesoccurring in the planar diagram when passingthrough
onecritical level.

In fact, the casesof critical levels of types1) and 3) are respectively covered
by moves (12-2’) and (I11). At critical levels of type 2) the vertex with horizontal
tangencyis swiching from oneto another of its nhormal positions depictedin Figure
135. At the sametime one extremal point (resp. one pair of cancelingextremal
points) for the y-coordinate is appearing/disappearing along the edge (resp. the
opposite edges)preseting the horizontal tangency The caseswhen the vertex we
are consideringis a uni-valert Rat vertex, a half-twists or a crossing correpond
respectively to moves (13), (14) and (J1-1'), modulo moves (I1) and (12-2"). On
the other hand, in order to deal with singular and tri-valert 3at vertices, we need
to replacethe normal positions which are missingin the elemermary diagrams as
indicated in Figure 136. After that, modulo moves (11) and (12-2'), all the cases
reduceto moves(I16) and (J2) for singular vertices,and to move (15) for tri-valert
vertices. !

Proof of Proposition 3.1. First of all we obsene that in Proposition 10.1 the
movesof Figures23D25re consideredup to planeisotopy, disregardingtheir normal
position with respect to the y-axis. On the cortrary, here those moves need to
be interpreted in a more restrictive way, assumingthat they are in the preferred
normal position givenin the bguresup to planeisotopy preservingthe y-coordinate.
Howewer, as a consequenc®f Lemma 10.2, the two points of view coincidein the
presenceof the movesof Figures22 and 137.

Then Proposition 3.1 immediately follows from Proposition 10.1 and Lemma
10.2,oncethe auxiliary movesin Figure 137 are shovn to be consequencesf those
in Figures22b25Actually, move (J1-1") canbe easilyderivedfrom the moves(12-2"),
(17-7) and (18-9), while Figure 138describteshow to get (J2). !

NN NN NN L a4 A
(I16) (1124 (114" (I11) (I7-7%)
(19) (I14) (110) (18-9)

(I11)

(18-9)

] ﬁ (12"
Figure 138.
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11. App endix: pro of of some relations in H"(G)

Here we prove the relations in Figures 55 and 56 and shaw that (r8’) is a con-
sequencef the rest of the axiomsfor H"(G).

We start with the Oeasy@sotopy movesin Figure 55, postponing the proof of
(p3) to the end. (p4) is a direct consequencef the debnition (f2) in Figure 41 and
of the axioms(r4) and (r5-5) in Figure 50. Concerning(p5) and (p%’), they canbe
seento be equivalert by using (f6-6’) in Figure 46 and (pl) in Figure 53. On the
other hand, they are trivial wheni: # j, due to the debnition (r7) and the duality
movesin Figure 45, while the proof of (r5’) for i = j is givenin Figure 139.

ll

i 1 l/ li
11 11 11
w6y ey ‘5 %7’ J
(rd)

(r6)
Figure 139. Proof of (p5') for i =j [f/35, r/37, s/30-31].

As already mertioned, (p5) and (p5’) are particular casesof a more general
set moves which allow to interchange the positions of any coform and copairing
appearing on the samestring connectingtwo polarized vertices. We want to shawv
that (p5) and (p5%’) actually imply all sudx moves. Sincethe braid axiomsin Figure
34 allow coformsand copairingsto passcrissingswhen we slide them along strings,
we can assumethat the coform and the copairing which we want to exchangeare
cortiguousasin Figure 140.Now, the brstmovein this bPgureis atrivial consequence
of move (f3-3’) in Figure 41, while the other two are equivalert to (p5) and (p5’)
up to (f3-3’) and the braid axioms.

- - -1

Obsenethat the proof of (p5’) and thereforeof the movesinterchangingcoforms
copairings appearing on the samestring, usesonly two of the ribbon axioms: the
debnition of copairing ((r6) in Figure 51) and the commutativit y of the ribbon
morphism with the antip ode ((r4) in Figure 50). It is easyto seethat (r8’) canbe
obtained from (r8) through sud interchangingsand the braid axioms. Therefore
(r8’) is a consequencef the rest of the axiomsof H"(G).

1() 5 T:?’T p() p2 2
(r5-5") (ad)
(r2)
(a8)

Figure 141. Proof of (p6) and (p7) [p/40, r/37-37, s/30].
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(a2 (a1-3) (r5-5Y) sy @
(a4) (s4) (r10Y (s9) -2
(s1) (a2)
(ad)
(r5)
g g g g g

Figure 142. Proof of (p8) [a/29, p/39, r/37-41, s/30-31].

&;& (r6) & (s4) % (r5")
(r5-5% (ab) (ad)

Figure 143. Proof of (p10) [a/29, r/37-37, s/30].

g g 1| g
NN
(st
(al-3)

Figure 144. Proof of (p11) [a/29, f/33, i/34, 5/30-31, p/39-40].

11
11

! > o

(a-1 ) (32) (bd) (11 ) (s3) (r6)
(r5) (ad") (s3) (ad) (s5) (£2) 1

(sl ) (ad) 1 (i5) 1 (r8)

(al-3) (15) (p1)

(i5)

1

L 9 1

L

o —

Figure 145. Proof of (p12) [a/29, f/35, i/34, p/39, r/37-37, s/31].

g9 g g g g g g g
1 s o PN ' o y ' o 1
(1) (p10) (13) (p11) (v6)

(f1)
(r5-5")

Figure 146. Proof of (p3) [f/33, p/40, r/37].

The proof of the movesin Figure 56 is given in Figures 141D145We limits
ourselhesto considerthe moves (p6)E(pl0), being the proof of the correspnding
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moves(p6')E(pl0) analogous.Obsene that (p9) follows from (p8) in the sameway
as (p7) follows from (p6) (cf. Figure 141) and we leave the proof to the reader.
Finally, we prove (p3) in Figure 146.
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